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Abstract 

d 2 P m (x,a) 

We consider in the complex field the differential equation ——=■$( 2;) = T " '~ &(x), 

ax ~ x 

where P m is a monic polynomial function of order m with coefficients a = (a±, • • • , a m ). 
We investigate the asymptotic, resurgent, properties of the solutions at infinity, focusing in 
particular on the analytic dependence on a of the Stokes-Sibuya multipliers. Taking into 
account the non trivial monodromy at the origin, we derive a set of functional equations 
for the Stokes-Sibuya multipliers. We show how these functional relations can be used to 
compute the Stokes multipliers for a class of polynomials P m . In particular, we obtain 
conditions for isomonodromic deformations when m = 3. 

1 Introduction 

This article is the first of a series of three papers to come. The motivation stems from the 
well-known theory of Sibuya [35] and its Gevrey-resurgent extensions, and their applications 
in spectral analysis. 

In Sibuya gives an exhaustive description of the asymptotic properties when \x\ — » oo 

d 2 <S> 

of the solutions of the ordinary differential equation — — + P(x)Q = 0, where P(x) = 

dx z 

x m +aix m ~ 1 +• • -+a m is a complex polynomial function of order m. Among various results, he 
shows the existence of a set of fundamental functional relations between the Stokes connection 
matrices, when viewed as functions of the coefficients of P. The asymptotic behavior of the 
Stokes-Sibuya coefficients when the constant term a m of P tends to infinity is also provided. 
Later, these results have been clarified and extended in the framework of the Gevrey and 
resurgence theories QUI EEl EI3 El EB El H21 El ESI 

One of the main applications of the above results is both the qualitative and quantitative 

d 2 

description of the spectral set of the Schrodinger operator — — =■ +P(x), e.g., [TU1 ITT1 I2H HT1 . 

dx z 

Recently, the exact asymptotic analysis has been applied with success to describe the spectral 
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properties of a class of PT-symmetric oscillators, i.e., when the potential function P satisfies 
P(x) = P(—x). As a rule, such PT-symmetric operators are not Hermitian, therefore the 
existence of a real spectrum is a non obvious but interesting question (see, e.g., jH |3] for 
the motivations and applications in physics). In |14| 115] . the authors consider the PT- 
symmetric complex cubic oscillator, and prove the reality of the spectrum and the appearance 
of spontaneous symmetry breaking, this depending on the values of the coupling constant. 

d 2 

Meanwhile, the reality of the spectrum of the PT-symmetric Schrodinger operator — — ^ + 

ax 1 

P(x) with P polynomial was proved by Shin |34j under convenient hypotheses. His work 
relies on a clever examination of the results of Sibuya, and on ideas and tools usually used 
in the context of integrable models in quantum field theory. 

As a matter of fact, apart from the key-results of Sibuya, the strategy followed by Shin 
was previously developed by Dorey et al J2j to prove the reality of the spectrum of the 

PT-symmetric operator — — r — (ix) 2m — aiixY 11 ^ 1 + - ~t — -. 

ax 1 x 2 

Our programme is to generalize all the above results to the one dimensional Schrodinger 

d 2 P(x) 

operator H = — — = H ^— with P(x) a complex polynomial function of order m G N*. 

dx z x l 

In the present article, we consider the ordinary differential equation 

in the complex x plane, where a := (aj., • • • , a m ) G C m , m G N*, and : 

P m {x,a) =x m + a lX m - 1 + . . . + a m G C[x\. 

This equation admits a unique irregular singular point located at infinity, and our aim is 
to concentrate on the asymptotic behaviors of the solutions of (<£ m ) at this point, and their 
deformations in the parameter a = (ai, . . . , a m ). Compared with Sibuya's work the main 
novelty comes from the existence (as a rule) of another singular point, a regular singular one 
at the origin. The Stokes-Sibuya coefficients, when considered as functions of the coefficients 
a of the polynomial P m , are still governed by a set of independent functional relations, but 
the non trivial monodromy at the origin has now to be taken into account. As we shall see, 
this translates in term of an interesting a-dependent equational resurgence structure. 
The paper is organized as follows. In section|2]we study the solutions near infinity, introducing 
a well-behaved family of systems of fundamental solutions. The associated Stokes-Sibuya 
coefficients are defined, and their analytic dependence on a are analyzed. The main existence 
theorem given in [2] is proved in section |21 by resurgent methods, and we compare the Stokes- 
Sibuya coefficients with the Stokes multipliers given by the resurgence viewpoint. 
In section 0J we introduce and study a convenient system of fundamental solutions near the 
origin, by means of the Fuchs theory. By comparing, in section [SJ these different families of 
fundamental solutions, this yields a set of functional relations which are detailed in section 
Besides describing these general properties, we provide different examples in section Eland 
appendix which will serve as guide lines in our next papers. In particular, for m = 3, we 
provide a family of isomonodromic deformations conditions. 

In a second paper, we shall investigate the asymptotics of the solutions and Stokes multi- 
pliers with respect to the parameter a, when ||a|| — ► oo. Roughly speaking, this corresponds 
to the second part of Sibuya's work |35| . However, this work will be done in the framework 



2 



of the exact WKB analysis, thus taking advantage of the tools and ideas of the (quantum) 
resurgence theory, in the spirit of |4()1 112j . 

A third paper will be devoted to applications to spectral analysis, especially for PT- 

symmetric operators H = — f-^ H m ^ , with a generalization of the result of Dorey 

dx z x l 
et al ^7] as an interesting by-product. 



2 Solutions of ((£ m ) in the neighbourhood of infinity: classical 
asymptotics 

We begin in the framework of the usual Poincare asymptotic analysis, (see, e.g., [Tfil l2"!fl BUI 
I42j ) . We are interested in the question of the existence of solutions (formal or not) at infinity 
for equation ((£ m ). The starting point of our study will be the main existence theorem 12.11 
which can be seen as an adaptation of a classical theorem due to Sibuya ([SSI) P- 15). It 
asserts the existence and the unicity of a solution of ((S m ) defined by its asymptotic expansion 
at infinity. 

2.1 The main existence theorem 

In the sequel, it will be convenient to think of x as an element of the universal covering of 
C* with base point 1. Since this covering can be identified to C provided with the projection 
t 1 — ^ x = e^ , we shall associated to x its argument arg(x) G R. 

In what follows, 



N 



X 

k=l 



stands for the asymptotic expansion at infinity in x of — m ^ ' — -. 

x 

Theorem 2.1. The differential equation ((£ TO ) admits a unique solution &o(x,a) satisfying 
the following condition 1. : 

• 1. $o is an analytic function in x in the sector So = {\x\ > 0, | arg(x) |< ^} such 
that, in any strict sub-sector of So, $0 admits an asymptotic expansion at infinity of 
the following form 1 

T$ (x,a) = x r ^e- SM Mx,a), 
uniformly with respect to a in any compact set of C m , where: 

( m-l 

2 m ^ ^f-fc(a) rn_ k 1 
k=l 2 

1 m 

2 ~ T 

00 G C[a][[x _ 2]] imi/i constant term 1. 







S(x,a) 


- «; 


. if m is odd, < 


r(a) = - 
k 00 G C[ 



1 Throughout this theorem, x a = exp(aln(:r)) with ln(:r) real for arg(:r) = 0. 
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ii). if m is even, < 



2 m 6™_fc(a) m 

S(x,a) = -xT + ^ ^ x^~ fc G C[a][x] 

171 k=l 2 

r(a) = g - J - fe o(a) 

(An G C[al[[x _1 ll with constant term 1. 



Moreover: 



• 2. <3?n extends analytically in x to the universal covering ofC*, and is an entire function 
in a. 

• 3. The derivative <£ of <£n with respect to x admits an asymptotic expansion at infinity 
of the form: 

T (jL$ Q (x,a)^ = ^ (T$ (x,a)) = ^(a)+f -i e -S(*,»)(_i + o(l)) 

when x tends to infinity in any strict sub-sector of En, uniformly with respect to a. 

Needless to say, the asymptotic expansion T&q(x, a) of $0 at infinity in So can be computed 
algorithmically. For instance, for m = 3 one gets (with Maple) 



T$ {x,a) = e-% x3/2 - aixl/ \-tx 

(1 + (02 - \a\ )x- 1 ' 2 + (-\a\a 2 + iaf - \a x + ^x' 1 + 0(x^/ 2 )) , 
while for m = 4: 

T$o(x, a) = eH^-f^xH-^+t^x 
(l + (j^af - iaia 2 - |oi + t^)^ 1 + (^a? - H a i ~ M a i a 2 + ^ a i a 2 + ^ a i«2- 
iaia 2 a 3 + |a 4 - |a 2 - Jgaf - |aia 3 - ^ + -^a\ + ^afas + |«i)^ _2 + 0(x~ 3 )) . 

We shall discuss the proof of theorem 12,11 in a moment (33). Here, we would like to show 
how one can derive fundamental systems of solutions of (<B m ) from $0 only. This is the 
subject of the following subsection. 

2.2 Stokes-Sibuya coefficients 

In the sequel, it will be convenient to introduce the following notations: 
Notation 2.2. For all A G C and all a = {a\, ■ ■ ■ , a m ) G C m , we note 

X.a ■= (Aai, • • • , A m a m ). 

We set: 

I 2lTV 

LJ = e rn 

and we introduce: 

VA; G Z, ®k(x,a) = & (uj k x, to k .a). 
where $0 is given by theorem 12.11 
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We bring into play a quasi-homogeneity property of equation ((£ m ). We note that equa- 
tion (<£ m ) is invariant under the transformation (x,a) i— * (ojx,uj.a) so that, with the above 
notations, theorem 12.11 easily translates into the following lemma : 

Lemma 2.3. For any k £ Z, is a solution of ( < B m )> an d ^ s entire in a. Its asymptotic 
expansion when x tends to infinity in the sector T. k = {|x| > 0, | arg(x) + k.arg(uj) |< 
uniformly in a in any compact set of C m , is given by : 

T<S> k (x,a) = T$ (uj k x,La k .a) 

where T$o *s the asymptotic expansion of <J?o * n described in theorem \2.1\ 

We deduce the following corollary : 

Corollary 2.4. For every k G Z, the solution <& k is exponentially decreasing ( "subdominant 
function" in P- in the sector A k = {| arg(x) + k.arg(u>) |< ^}. 

We note that the sectors A*._x, and Afc+i are included in and, by the previous 

Tfl 

lemma l2~31 each solution & k has an exponential growth of order not greater than — in the 
two sectors Afe_x and A& + i adjacent to A&. This allows to show the following lemma: 

Lemma 2.5. For every k £7L, {& k ,& k+ i} constitutes a fundamental system of solutions of 
(<£ m ) and moreover, 

where W denotes the Wronskian, while r is given by theorem \2.1\ . 
Proof. By quasi-homogeneity of P m (x,a), we note that 

S{ujx,(ju.a) = — S(x,a). 

Thus, by lemma ESI for x £ 

T$ fc (x,a) = a; *r(«*.fl) a; r( W *.a) e (-l) fc - 1 S(x^)( 1 + 

Using part 3. of Theorem 12.11 we have also, for lEEjj, 

T& k (x,a) = (_l)fc-l u; ^(^-«) :c ^'=.a) + f-l e (-l)^ 1 5( a;> a)(l + o(l)). 

Moreover, the coefficient &o °f theorem 1 is a quasi-homogeneous polynomial in a of order y 
so that : 

r(uAa) + r(w fc+1 .a) = 1 - y . 
As a result, we get the equalities : for x £ T, k n 

W($ fc ,$ fc+ i) = $fc$'fc+i - *fc**+i 

= 2(-l) fc w fc(r(w ' : ^ )+r(wfe+1 - a))+r(wfe+1 '^x r(wfc - a)+r(wfc+1 ^ )+ f ^ x (l + o(l)) 
= 2(-l) V^-f )+K- fc+1 -)(l + (l)). 
The Wronskian W($fe, 3>fc+i) being independent of x, this completes the proof. □ 
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Since each system {&k,&k+i} constitutes a fundamental system of solutions of (<E m ) we 
deduce, from the classical theory on linear differential equations, the existence of functions 
Cfc(a), Cfc(a) depending only on the variable a, such that : 

Vk G Z, $ fe _i = C fc (a)^fc + Cfc(o)* fc+ i. (1) 

Definition 2.6. The functions C&(a) and Cfc(a) defined by (""J are called the Stokes-Sibuya 
coefficients of associated respectively with $^ and 5>fc+i. The matrices ©fc(a) := 

Cfc(a) Cjfe(a) 
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are called the Stokes-Sibuya connection matrices. 



Differentiating the previous equalities (""J with respect to the variable x, we obtain the 
following formulas : 

( = (2) 

and 

~ _ ^($ fc _!,$ fc ) 

" W(* fc+ l,* fc )' ^ 

Using the fact that the $fc's are entire functions in a, we deduce from (J""J), ("j"} and lemma 
12.51 that the Stokes-Sibuya coefficients are entire functions in a. Also, it follows from the 
very definition of the $fc's, from (j3J) and lemma [2*31 that C&(a) = Co(uj k .a), while Ck(a) = 
C (uj k .a) = w ^-2+2K^ fc .a)_ In particu i ar) since ^ m = e ±2in ; we get . for all k e Z, C k = 

Cfe mod m and Cfc Cfc mod rri' 

We summarize our results. 
Theorem 2.7. For all k & Z we note 

$ k (x,a) = <f>o(u k x,u) k .a), (4) 
where $o * s ^ e solution of ((£ m ) defined in theorem \2.1\ Then, for every k 6 Z ; 

• $jk(x,a) is analytic in x on the universal covering of C* and entire in a. 

• TTie system {^k^k+i} constitutes a fundamental system of solutions of (<B m ). 

• W^e /lave 

^l" 1 ) (a-.fi) = Sfc(o) f ^ (a, a), (5) 

where the Stokes-Sibuya connection matrix &k(a) is invertible, and entire in a. More- 



over, 



&k(a) = 6 fc _i(w.a), e k (a) = © (u; fc .a). (6) 



The Stokes-Sibuya coefficients Cfc(a) and Cfc(a) associated respectively with <3?fc and 
$^+1 are entire functions in a and, 

Cfc(a) = Co(aAa), C*. = mo d m 
C fc (a) = Co(uAa) = ^-^M^-fl), Cfc = Ck ^ m 
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For any k € Z, the analytic continuation of {<I>fc_i, <3?fc} constitutes a fundamental sys- 
tem of solutions of ((£ m ) (by lemma T2.51 the Wronskian W(<&k-i, does not vanish). 
In particular, there exists a unique invertible 2x2 matrix 3Jt?°(a), entire in a, such that 



J (a/™x,a) = aJlg°(o) ( ) (x,o). 

Definition 2.8. The 2x2 matrices 9Jt£°(a), fceZ, defined by 



(|> y (^x,a) = ^(a)^ j (*,«), (8) 

are called the oo-monodromy matrices. 
From the very definition of the <& fc 's, we note that 2tt£°(a) = TX^(uj k .a). Also, 



( ^ ) ^ X, ~^ = ' ' ' &m ~ 1 ^ ( 



(x,a) 



Since ( 1 ) is entire in a, we obtain 



o 



1 ) (a;, a) = 6 (a) • • • & m -i{a) ( ) (a; m x,a) 
©o(fi)---e m _i(a)£PIg (a) ( ^ ) (x,a), 



and $o} being a fundamental system, this yields: 

Theorem 2.9. For every k £ Z, £/ie oo-monodromy matrix W^(a) is invertible, entire in a, 
and 

onr(a) = an8V.a). (9) 

Furthermore, the Stokes-Sibuya connection matrices satisfy the functional relation: 

6 (a)---6 m _i(a) = (9Jtg°(a))- 1 . (10) 

Relation (|10|) generalized a functional relation due to Sibuya [HE], p. 85. Unfortunately, as 
a rule, the oo- monodromy matrix 971q° is difficult to compute. We return to this question in 
section El 



3 Solutions of ((£ m ) in the neighbourhood of infinity: resurgent 
point of view 

Theorem 12. II can be shown with the methods developed in Sibuya's book [HE] and, in fact, 
theorem 12.11 is actually proved in |29l IT]. However, using the resurgent viewpoint, one can 
get a stronger result in a simpler way. 
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3.1 Basic notions in resurgence theory 



Since the terminologies we shall use in this section are likely to be least familiar to the readers, 
we first introduce the necessary definitions, cf. [1J 111! I18j for more details. We mention 
that our notations differ from those usually used by Ecalle. 

As usual in this article, we identify an element of the universal covering of C* (with base 
point 1) by specifying its argument in R. 

Definition 3.1. A sectorial neighbourhood of infinity of aperture I =]a,/3[c K is an open 
set U of the universal covering of C* such that for any open interval J C I, there is z G U 
such that z J C U, where 

Z J ■= { z + re ie , r > 0, 6 G J}. 

Definition 3.2. If U is a sectorial neighbourhood of infinity of aperture I and if \t is holo- 
morphic in U, is of exponential growth of order 1 at infinity in U if for any open interval 
J (Z I, there exist r > and C > such that 

G C/nOJ, \V(z)\ < Ce r|z| . 

We now introduce the notion of minor. We do that only for a class of formal power series 
which will be used in this paper. 

oo 

Definition 3.3. We consider the formal power series ip(z) = r + il+i ^ ^H 2 _ ™]]; where 

n=0 

oo 

m is a positive integer. Then, r is the residual coefficient of ifi and ip(C) = ^2 , n " . C~ £ 

C[[C™]] is the minor of ip. 

In other words, the minor of the formal power series ip is nothing but its Borel transform 
when forgetting its residual coefficient. 

This allows to define the Borel-summability for such formal series. 

oo 

Definition 3.4. The formal power series ip(z) = n"^ G C[[z~ "*]] is Borel-resummable 

n=0 

in the direction (of argument) a G M if: 

1. its minor ip(C) defines a (ramified) analytic function at the origin 2 , 

2. there exists an open sector 0/ with / an open neighbourhood of a such that ip(C) can 
be analytically extended in 0/ and is of exponential growth of order 1 at infinity in 01. 

The Borel-sum s a ip(z) with respect to z in the direction a £ 1 of the formal series ip is 
defined by 

/•ooe za ^ 

S a rP(z) :=r+ e~^(CK- 



o 



2 For simplicity, we keep the same notation ip(C) for the series and its sum, and £ should be seen as an 
element of the universal covering of C*. 
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In definition 13.41 when one drops the growth condition at infinity (condition [2J) , then tp is 
said to be Borel presummable in the direction a, the summation operator s a being replaced 
by the presummation operator which we do not define here, see, e.g., 

A Borel sum has the following main properties: 

oo 

Proposition 3.5. If ip(z) = r + G C[[z - ™]] is Borel-resummable in the direction 

q£R, then: 



n=0 



its Borel sum S CK , 0(z) is holomorphic in a sectorial neighbourhood of infinity U of aper- 

ture 1 = a, a. 

J 2 '2 1 

S a ip{z) is asymptotic to tp(z) at infinity in U . More precisely, for any strict subinterval 
J of I, there is C > such that, for all n > 1, for all z £ U Pi OJ, \s a ip(z) — r — 

n-l 



d [dip 



# Tz^ {z)) = s «W z) ^ 



If two formal power series ip(z), 4>{z) G C[[z «»]] are Borel-resummable in the direction 
a£l, then S a {ip.(/>) (z) = S a (ip)(z).S a (<j))(z). 



oo 

OLr 



Definition 3.6. A formal power series ip( z ) = r + 5^ rJ\ 1 G C[[z m ]] is resurgent if its 

n=0 

minor ip(C) defines a (ramified) analytic function at the origin and is endlessly continuable, 
i.e., for every L > there is a finite subset fi^ C C such that t/j can be analytically continued 
along every path A of length < L which avoids Ql. 

This definition 3 can be extended to an algebra of resurgent formal functions which we do 
not precise here. 



Proposition 3.7. If two formal power series ij)(z) = r + JEH e ^ii z H] an< ^ = 

n Z m 

n=0 

s + ~S~^ ^ C-tt 2- ™]] are resurgent, then the product tp.4){z) is also resurgent: the minor 

n Z m 

of tf) .<j>(z) , which is given by 

•0 * 0(C) = / tp(rj)(p(^ — 7])dr] (the convolution product), 
is endlessly continuable. 



o 



3 Note that Ecalle proposes a more general definition. 
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For a resurgent formal power series, it may happen that we no longer can define its Borel 
(pre)sum in a given direction a € M because the minor can have singularities along this 
direction: this is the essence of the Stokes phenomenon. 



oo 

OCr. 



Definition 3.8. We consider a resurgent formal power series ip(z) = r + J 1 G 

71=0 Z m 

C[[z - ">]]. Let a £ 1 be a singular direction for the minor ^(O- 

Hypothesis: we assume that there is e > such that ip(C) can be analytically extended in the 
open sector 0]a, a + e[ (resp. 0]a — e, a[ with an exponential growth of order 1 at infinity. We 
assume also that this exponential growth at infinity extends up to a path [0, ooe ia + [ (resp. 
[0, ooe ta — [) which circumvents the singularities to the left (resp. right) along the direction 
a, see figure ^ 

Then ip is right (resp. left) Borel-resummable in the direction a, its right (resp. left) Borel 
sum S a+ ip (resp. S a -ip) being defined by 

rooe la ± _ 

S a± ^z):=r+ e"^V(CK, 



o 

7T 7T 

for z in a sectorial neighbourhood of infinity of aperture ] — — — a, — — a[. 



• ' ' ' ' > Right resummation 

o o V^^y 1 — ^ resummat ' on 

Figure 1: The integration path for right (resp. left) resummation (for a = 0). 



In definition 13.81 it is possible to drop the Hypothesis, replacing right (resp. left) Borel 
sum by right (resp. left) Borel presum, see, e.g., In other words, every resurgent formal 
function is always right and left Borel-presummable (in any direction). 

We note that proposition 13. 16l is still valid for right and left Borel sum. Moreover, when ij) 
is Borel (pre)summable in the direction a E R, then 

S a ip(z) = S a+ ^(z) = S a ^(z). 

In order to be able to compare right and left (pre)summation, one has to enlarge the set 
of resurgent formal functions to the set of resurgent symbols. 

Definition 3.9. A resurgent symbol in the direction a is a formal sum 

where each ^ u {z) is a resurgent formal function and O, the singular support of cp, is a discrete 
subset of [0, ooe* a [. 

The sum and product of two resurgent symbols are defined in an obvious fashion, so that 
resurgent symbols in the direction a make up an algebra which we denote by lZ a . 

4 or resurgent transseries. 
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The right (resp. left) (pre) summation operations can be extended to resurgent symbols in 
a way so that 

S a+ ip=Y^ ( s a+ %) e~ z " resp. S a „ <p = ^ (s Q _ e"^. 

The construction (which we do not explain here) makes the operations S Q + and S a _ iso- 
morphisms of algebras and, moreover, s a+ (lZ a ) = S a -(lZ a ). This key-result (due to Ecalle) 
allows to define the so-called Stokes automorphism, which analyzes the Stokes phenomenon 
by comparing right and left Borel-(pre)summations: 

Definition 3.10. The Stokes automorphism in the direction a is defined by: 

Remark: the action of the Stokes automorphism in a given direction can be understood in 
terms of deformation of the contour of integration in a Laplace integral, see Figure 121 




Figure 2: The difference between right and left summations (Fig. ^) is described as a Laplace 
integral along a sum of contours. 



It follows from the definitions that the Stokes automorphism in the direction a acts trivially 
on exponentials e _za; , and that its action on a formal resurgent series ip reads: 



6 a V = V> + 



where the sum runs over those singular points of the minor ip which have to be avoided when 
considering left (pre)summation. The Stokes automorphism & a reads as 

© Q = 11 ~\- ^u$ a 

where the operator + S a commutes with multiplication by exponentials, and transforms formal 
resurgent series into "exponentially small resurgent symbols" . This implies that the operator 



CO 



z — J n 



n-1 



n 

n=l 

is well defined on lZ a . Since & a is an automorphism of lZ a , A a is a derivation of TZ a . 
Definition 3.11. A a is called the alien derivation in the direction a. 

We note that since S Q + and S a _ commutes with & a and therefore A a commutes with 

A 

dz ' 

Proposition 3.12. A Q commutes with 



11 



The alien derivation A a commutes with multiplication by exponentials, and its action on 
a formal resurgent series tp has the following explicit form: 

where fi(V') is a discrete subset of [0, ooe ta [, the set of so-called glimpsed singularities of ^, 
i.e., the set of singularities to be circumvented when analytically continuing ip in the direction 
a. Since A a is a derivation, each A^ is also a derivation. 

Definition 3.13. A w is called the alien derivation at u. 

Definition 3.14. A formal resurgent function ip is a constant of resurgence if for any uj, 
A^V = 0. 

For instance, if tp is a convergent power series, then ip is a constant of resurgence. 

Instead of working with the A w 's, it is sometimes convenient to work with the so-called 
pointed alien derivations 

A — p~ zul A 

They have the advantage of commuting with (this is a consequence of proposition I3.12|) . 

dz 

Proposition 3.15. The pointed alien derivations A w commute with 4-. 
3.2 Resurgence of solutions of (<S m ) 

We now return to the proof of theorem l2.ll The main idea will be to consider the asymptotic 
expansion T<l>o of theorem 12.11 as a formal solution of equation (<£ m ), and to show that $o 
can be constructed from T<E>o by Borel resummation with respect to an appropriate variable 
z = z(x,a) (or z, depending on the parity of m) which will be defined later, uniformly in a 
for a in any given compact set. 

We start with a kind of preparation theorem, so as to transform equation ((£ m ) into a 
normal form. This is based on the Green-Liouville transformation, but we shall have to 
dissociate the m odd case from the m even case for technical reasons. 

In what follows, a is assumed to belong to an arbitrary given compact set K C C m . 
3.2.1 The m odd case 

We consider the Green-Liouville transformation : 



z = z[x,a)= / — at 



i 



(12) 
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where the Laurent-Puiseux series expansion in x of z (x, a), 



m—l 



z(x,a) = — x 2 + 2^ — ^ TT X2 +0(x 2) £ x ^ C[a\{x L }, 

fc=l 2 

coincides with the map x t— > S(x,a) defined in theorem 12. II modulo an analytic (multivalued) 

X Z 

function vanishing at infinity. We note that, if j ir (resp. J, 7? ) is the (ramified) Riemann 

C C 

surface of x 1 / 2 (resp. z 1//m ), then there exists a compact set B (depending on K) (resp. B) 
such that the map (x,a) £ 7r _1 (C\S) X X i— > (z(x, a), a) S 7r _1 (C\-B) x K is bi-holomorphic. 

Remark here that by quasi- homogeneity of P m (x,a), 

z(ujx,co.a) = lo~ z(x,a). (13) 
The transformation Q12|) converts ((£ m ) into the following equation, 

-^tf + (l-F(z,o))tt = 0, (14) 

which is our prepared normal form. 

It is straightforward to see that studying ((£ m ) at infinity in the variable x amounts to 
studying ((Tl)) at infinity in the variable z. The inverse map x : (z,a) h-> x(z,a) can be 
identified with its Laurent-Puiseux series expansion 

_2_ 

x (z,a) = (yz) m + 0(1) e ^C[a]{z"^}, (15) 

and from (fT3*|) . 

x(u;"2"2:, w.a) = ux(z, a). (16) 

In (HU), F(z,a) is defined by: 

pi/ \_ x P'm{ x i<k) + Pm(x,a) 2 A Pm( x >Q) 5 (P^t(x,a)) 2 x 

l 4P m (x,a) 2 MP m (x,a) 2 16 P ra (i,o) 3 jll = I ( z ^)' 1 j 

One infers from (|15|) that 

77T. 2 — 4 2 1 2 

i^fi) = (1 + 0(z-~)) € ^C[a]{z-^} (18) 

is an analytic function at infinity in z _1 / m , uniformly in a £ if. It is easy to show the 
existence of a unique formal solution ^ + (z,a) of ([T4"|) satisfying 

V+(z,a) = e- z Tp+(z,a), (19) 

where 

i>+(z,a) = 1 + E ^TT G C t«][[^-]] (2°) 
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with 1 for its residual coefficient. Moreover the formal power series expansion ip+(z, o) satisfies 
the following ordinary differential equation: 

d 2 d 

-^ + + 2—^ + -F{z,a)^ + = Q. (21) 

In addition, from the quasi- homogeneity property of P m , from (|16|) et (|17j) . one sees that 

F(uj^z,Lo.a) = F(z,a). (22) 

Defining 

ijj-(z, a) = iP + (lj^~ z,to.a), (23) 

one deduces the existence of a unique formal solution ty_(z,a) of (fT4*|) such that fy_(z,a) = 
e z ip~(z,a) with £ C[a][[z~ ™]] with a residual coefficient equal to 1. Note that fy- are 
linearly independent, so that ^-) provides a fundamental system of formal solutions for 
the linear second order equation (JT3J). 

The formal series V>± en j°ys the following properties: 
Proposition 3.16. The formal power series expansion ip+(z, a) = 1+/ ^_ ~ € C[a] 

n=0 

(resp. ip-(z,a) = i/j+(lj~2z, u.a)) is Borel-resummable with respect to z, uniformly in a for 
a in any compact set of C m , for every direction of summation except those of argument n 
mod (2tt) (resp. mod (2tt)). 

Proof. We have to analyze the analytic properties of the minor 

&-(c,s) = E f5rn c " G c fei[K»]]. (24) 

n=0 ' 

of ip+(z, a). To proceed, we go back to equation (|21[) . Instead of considering this differential 
equation, we shall rather introduce its deformation, 

d 2 d 

-—^ + 2—ifj-F(z,a)+eF(z,a)(l-i{j) =0, (25) 
dz z dz 

where e can be thought of as a parameter of perturbation. The introduction of this parameter 
will help us to rewrite and its minor tp + into an analyzable form, since (|25|) reduces to 
(|21j) when e = 1. We now look for a formal solution of (|25jl in the form of a normalized series 
expansion with respect to s: 

°° 1 
^(z,a,e) = l + J2Mz,a)e n , %b n e -C[a][[^™]]. (26) 

n=0 Z 

Plugging 1(2*6^1 into 1)25(1 and identifying the powers of e, one gets: 

d 2 , d 

ip = F(z,a) 

(27) 



dz^ + 2 Tz^ = F{z ^ ] 



d 2 d 

-j-^ip n+1 + 2—ip n+1 = F(z,a)tp n , n > 0. 
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This translates into the fact that the minors ipniCiOd °f the ip n (z,a) have to satisfy the 
following convolution equations, 

-C(2 + C)^o = -F 

-C(C + 2)^„+i = Vn * F, n > 0, 

where F((^,a) is the minor of F(z,a), while * stands for the convolution product (cf. 
We have now to analyze the analytic properties of 

oo 

4>((,a,e) = Y,M(,a)e n . (29) 

n=0 

The key-point of the analysis will come from the properties of F. Writing 



F(z,a) = j^I^e±C\a\{z^}, (30) 

we know that 



l -+2 7 ± 

r, Z "i ' 6 

n=0 " 



oo 

9n 



G ( z ) = ^2 2rT+ 2 With 9n = SUP ( 31 ) 



n=0 



Z™ +2 aGK 



is an analytic function at infinity in z l l m . Therefore, its minor 

oo 

^) = Ew^C- +1 eCC{C-} (32) 

is an entire function in Q l l m (with an exponential growth at infinity of order at most 1). 
Thus, if <t m denotes the Riemann surface of £V m ; then 



r zn +2 

n=0 v m I 

is a holomorphic function in ((,a) G £ m x K such that 

V(C,a)G£ m x^, |F(C,«)| <G(|C|). (33) 

Using the fact that F is a holomorphic function in ((,a) G £ m x K such that F(£,a) = 
O(C) uniformly in a G A - , and from the properties of the convolution product, one easily 
deduces from (|2*%|) that each ip n belongs to the space C[a]{C™} and extends analytically to 

C\{0, -2} x K, where C\{0, -2} is the universal covering of C\{0, -2}. 
For p > 0, we now define the star-shape domain 

n m ( P ) = {c e £m, IC + 2| > p, [o, c] e n m (p)} c £ m (34) 

where £ is the projection of £ by the natural mapping <£ m — ► C. We also introduce the 
sequence of analytic functions h n (Q defined for £ G £ m by: 

Cpho = G 

(ph n+1 = h n *G, n > 
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Comparing (|3*5|) with (|28|). and using (JHSJ, one gets 

V(C, a) e Q m (p) xif.Vne N, \M(,a)\ < M|C|). (36) 

This can be shown by an easy recursion. We just detail here the n = and n = 1 cases. 
For all (C,a) G (a m (p)\{0}) x K we first have: 

and this inequality extends to Q = by continuity. This proves (|36[) for n = 0. 
We thus deduce that, for all (£,a) e (O m (/))\{0}) x 

s, |F*^o(C,o)| , |/„ F(v,a)4>a((-V,a)dri\ 
m(C,a)\ = — — — < 



ICIIC + 2I 



ICIp 



Writing £ = \C\e ie and making the change of variable r\ = te t& , we get: 



C 



F(r),a)i) (( - rj,a)drj 



I CI 



F(te i0 ,a)M(\C\-t)e w ,a)dt 



< 



ICI 



I CI 



\F(te ie ,a)\.\M(\(\ ~ t)e ie ,a)\dt < I G(t)h (\(\ - t)dt = G * h (\(\). 

Jo 

Therefore, for all ((,a) £ (fi m (p)\{0}) x K, 

G*h (\(\) 



|^i(C,«)l < 



ICIp 



hx(\C\). 



This gives (|36j) for n = 1 by an argument of continuity. 

oo 

Now, h{Q,e) = ' s ^^h n {C,)e n is nothing but the minor of the series expansion h(z,e) 



n=0 



' s ^h n {z)e n , where the h n 's are defined recursively by: 



n=0 



-P~T h o = G 

dz 



-p-rh n+ i = h n G, n > 0. 
dz 



(37) 



This means that h satisfies the following ordinary differential equation: 

- p ^-h = sG(z)h + G(z). 
dz 



From ()31|) . we see that G is integrable at infinity, so that the function 

1 



(z,e) 



(38) 



(39) 



is a solution of equation (J38|) which is holomorphic for z in a neighbourhood of infinity of 
<£ m and e G D(0,R), R > 1. Moreover, its Taylor series expansion at e = is exactly 
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oo 

h(z,s) = ^2h n {z)e n . 

n=0 



In return, this proves that h(£, e) defines a holomorphic function in (£, e) G £ m x D(0, with 
an exponential growth of order not greater than 1 at infinity in £, uniformly in e G D(0, R): 
there exist A, B g]0, +oo[ such that 

V(C,e) e^x D(0,i2), |fc(C,e)| < Ae™. 

This last result, together with (|36j). shows that the series expansion ^>n(C>Q> £ ) converges 
uniformly for £ in every compact set of fi m (p), a£K and £ G D(0,R), and moreover, 

V(C,a,e) G n m (p) x K x £>(0,fl), |^(C,a,e)| < fc(|C|,kl) < Ae B ^L 

Putting e = 1, we deduce the same result for tp+(C, a): holomorphy in fl m (p) x K, exponential 
growth of order not greater than 1 at infinity in uniformly in a G K. 

Since p > can be chosen arbitrarily small, we have shown that, except for the directions of 
argument a = tt mod (2tt), there is no singular point on the half line arg£ = a and, VM-(Ci 
having an exponential growth of order not greater than 1 at infinity in uniformly in a G K, 
we deduce that ip+(z,a) is Borel-resummable with respect to z, uniformly in a for a in any 
compact set of C m , for every direction of summation except those of argument ir mod (2ir). 

Thanks to (|2"3*)) . an analogous result can be obtained ip-(z,a). This yields proposition 

emu □ 



i . 



Proposition 13,161 is enough to prove theorem 12.11 Let us define 4>o(x,a) G C[a][[x 2]] by 
the following formula : 



x^e~ S ^Mx,a) = -y—^e-^^a) \ z = z{ y 

P m (x,a)i v '- ; 

Due to the very definition of ip + , the left-hand side of this equality is a formal solution of 
equation (<B m ). 

We know from proposition 13. 161 that ip + (z,a) is Borel-resummable for the direction of argu- 
ment 0. For a in any given compact set K of C m , this allows us to define the function 



$o(x,a) = — z S ^+(z, a) \ = , y 

which is an analytic solution of ((£ m ) for z in a sectorial neighbourhood of infinity of aperture 
] — §[ and a in K. Note that the size of the sectorial neighbourhood may depend on K. 
By the inverse map z «-> x (given by (|15jl). this corresponds to a x-sectorial neighbourhood of 
infinity of aperture ] — -M. From proposition 13. 16l again. $0 can be analytically extended 
by varying the direction of summation on ] — tt,tt[. This shows that $0 is holomorphic in a 
x-sectorial neighbourhood of infinity £ of aperture ] — — , ^[ and, by construction, $0 is 
asymptotic to x r ^ e~ s ^ x '-^ 4>q(x, a) at infinity in £ , uniformly in a G K. 
The uniqueness of <£o follows from the Watson theorem |27| . 

Also, since for any strict sub-sector E of So the set S\S n £ is bounded, all we have to do 
now to get part (1) of theorem 12.11 is to show that $0 extends analytically in x G So- This 
is a consequence of the Cauchy-Kovalevskaya theorem: take a point xq in E and consider 
the datum (<&o(xo,a), ^(^cb ci))- Then $0 is uniquely defined by this Cauchy datum, which 
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is holomorphic in a E K. Since the linear differential equation ((£ m ) is holomorphic in 
(x,a) £ C* x C, we conclude that $g extends analytically to C* x K, where C* stands for 
the universal covering of C*. We end by noticing that K can be chosen arbitrarily. This also 
shows part (2) of theorem 12.11 

Part (3) of theorem 12.11 follows from the fact that the Borel resummation with respect to z 

commutes with the derivative — . 

dz 

Note that besides proving theorem 12.11 we have obtained the following interesting result: 
Proposition 3.17. When m is odd, the analytic function $o of theorem \2.1\ is given by 

\M 

*o(*,o) = re 2 s a ip+(z, a) \ = , a) , (40) 

P m {x,a)i v '- ; 

for x in a sectorial neighbourhood of infinity of aperture ] — ^ — ??>™ — uniformly in 
a for a in any compact set of C m , where the direction of Borel resummation a runs through 

} ~ VT,+7r[. 

The arguments used to prove proposition ^. 16l can be extended to analyze the whole analytic 
structure of the minor ip + ((,a) of ip + (z,a). Since the techniques involved are the same as 
those used in and [25], we just give the final result 5 : 

Proposition 3.18. The minor tp + ((,a) S C[a]{C'"} (resp. ^>_(£,a) G C[a]{£™},) oftp + (z,a) 

(resp. ip-(z,a)) can be extended analytically to (C,a) G C\{0, — 2} x C m (resp. (C>fi) G 

C\{0, +2} x C m ), where C\{0, ±2} is the universal covering o/C\{0, ±2}. Moreover, i(i± has 
an exponential growth of order not greater than 1 at infinity in uniformly in a for a in any 
given compact set ofC m . 

One can make things more precise concerning the resurgent structure, that is the behavior 
of and ip- near their singular points. To do that, we shall use the alien derivations. 
We would like to compute A T ip + , where A r stands for the alien derivation at r. From 
proposition 13.181 we know that the singular points of the minor of ip+ lie above —2 and 0. 
However, since ^+ belongs to C[a][[z - ™]], the non vanishing A T ip + can be indexed by the 
elements r above —2 on the Riemann surface <L m of z™. 

We now use one of the fundamental properties of the alien derivations: the pointed alien 
derivation A T = e~ TZ A T commutes with 4- (proposition I3.15|) . Using the fact that the 
resurgent symbol (definition 13. 9|) ^ + (z,a) = e~ z ip + (z, a) is solution of equation l[T%j) and 
that F is a constant of resurgence ( definition I3.14|) . we obtain: 

(A r *+) + (1 - F(z,a)) (A T tf + ) = 0. 

This means that A T ^ + satisfies the same equation (|14[). Since ( | I/+,^ / _) is a fundamental 
system of formal solutions for (|14|). we can conclude that A T ^ , _ ) _ has to be proportional to the 
resurgent symbol by an argument of singular support (definition l3.9|) : the singular support 
of ^ + (resp. reduces to {+1} (resp. {—1}), whereas, by definition, the resurgent symbol 
A T ^_|_ = e +z x (a formal resurgent function) has {—1} for its singular support. We deduce 
that there is 5 T (a) such that A T ^/ + (z, a) = 5 T (a)^f-(z,a), i.e., A T Tp + (z, a) = 5 T (a)ip-(z, a). 

5 For the particular reader, this part is detailed in Rasoamanana 32 
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Similarly, one obtains the existence of 5 T (a) such that A T ip_(z, a) = 5 T (a)ip + (z, a), where r 
is above +2 on the Riemann surface (£ m . 

The coefficients 5 T (a) are entire functions of a: this stems directly from the regularity in a 
of the formal series an d from the fact that the location of the singular points of the 

minors does not depend on a, so that the Stokes automorphism (in any direction) commutes 
with the analytic continuation in a. However, this will be a consequence of theorem 13.271 
which will be discussed in a moment. 

To sum up: 

Theorem 3.19. Form odd, there exists a unique formal power series ip+(z, a) G C[a\[[z~™]] 
(resp. ip-(z,a) G C[a] [[z~ ™]]) whose residual coefficient is 1, such that e~ z ip+(z, a) (resp. 
e +z ip-(z,a)) is solution of equation Ji^| ), and moreover: 

ijj-(z,a) = tp + (uj~ z,uj.a). (41) 

These formal power series ip± are resurgent in z with holomorphic dependence in a, and 
Borel-resummable® in z, uniformly with respect to a in any compact set. 
Their resurgent structure is given by: 

A 2e ki7vip-(z, a) = Sk{a)'4 , + { Z -,(L} f or k £ 2Z 
A 2e kinip+(z,a) = Sk{a)ip-(z,a) for k — 1 G 2Z 
A T ip± = otherwise, 

where A T is the alien derivation at r. The coefficients Sk(a) are entire functions in a and, 

for all k G Z, S k = S k mod 2m- 

Definition 3.20. The coefficients Sfc(a), k G Z, are called the Stokes multipliers. 
3.2.2 The m even case 

The fundamental difference with the previous m odd case is now the existence of the term 
bo(a)ln(x) in the asymptotic expansion of z(x,a) (defined by (|12^ ) at infinity in x. This is 
why it is worth considering the following new Green-Liouville transformation 



' z = z(x a)= f X VM^M dt 



(42) 



V / P m (a;,a) - b (a) 
^(z,a) = ■= ®{x,a) 



so that the Laurent-Puiseux series expansion of x t— > z(x,a) coincides with the map x h-> 
S(x,a) defined in theorem 12. II modulo an analytic function vanishing at infinity. The quasi- 
homogeneity properties (|T3*|) and Q16JI are still valid for the maps (x,a) t—y z(x,a) and (z,a) i— > 
x(z,a) respectively. 

Equation (<£ m ) is converted into the prepared equation : 

d 2 ( 4b {a) 



6 Except of course for the singular directions which are described by the resurgence structure. 
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with 

46 (a) P m (x,a) 



H(z,a) = 1 + 



W p m(x,< l) ~ b (a} ) 2 
xP' m (x,a) + P m (x,a) -b Q (a)y/P m (x,a) 

4 V^ ^aKv/Pm Cg.a) ~ 6p(a)) 3 
1 (^ t (g,a)) 2 (5 v /P m (a;,a) - 26 (a)) 

16 (P m (s,a) - 6 (a) ^P m {x,a)f{^P m {x,a) - 60(a)) 



! z = 2 x, a 



and 



777^ — 4 2 I 2 

Furthermore, if satisfies the quasi-homogeneity property (j22j) . 
One easily proves the existence of a unique formal solution 

¥+(*,a) = e->+(?,a) 

of (|4*5|) satisfying 

V'+(-z,a) = z m /j, + (z,a) 

2 

where fi+ G C[a][[z - ™]] with residual coefficient 1. By quasi-homogeneity, one deduces the 
existence of another formal solution 

*-(2,«) = e +2 y>_(.z,a) = e +z z + ~^ fi-(z, a) 

of (SSI) such that 

ip-[z,a) = ip+(uJ 2 z, Lo.a). 

From now on the analysis is exactly the same as in the m odd case and yields the following 
results: 

_ 26 o(a) _ 

Theorem 3.21. Form even, there exists a unique formal series ip+(z, a) = z m [i+(z,a) 

~ 2 _ ^ , 2i>o (a) _ 

where fi + G C[a][[2; _ m]] u?ii/i residual coefficient 1 fresp. ^_(z,a) = z H ^~ fi^(z,a), /i_ G 

2 ~ 

C[a][[,z~~]] with residual coefficient 1), such that e~ z i/j+(z,a) (resp. e +z \fj-(z,a)) is solution 
of equation 14&\) . Moreover, 

ip-(z, a) = tP + (ll>^2z, uj.q). (46) 

T/ie formal power series ip± are resurgent in z with holomorphic dependence in a, and Borel- 

resummable in z, uniformly with respect to a in any compact set. 

There exists a set of entire functions Sk(a), the Stokes multipliers, such that : 

A 2e ki^ -0„ (z, a) = Sk(a)ifi+(z, a) for k G 2Z 
A 2e kinip+(z, a) = Sk(a)ip-(z,CL) for k — 1 G 2Z 
A. T ip± = otherwise, 

where A T is the alien derivation at r. 
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2 

In this theorem, due to the fact that the formal solutions //+ and //_ belong to C[a][[,z _ ™]], 
the alien derivations need only to be indexed by elements on the Riemann surface of 
Thus a priori only m Stokes multipliers govern the resurgence structure. Nevertheless, it is 
better to describe the resurgence structure in terms of ^+ and r ip- , which have to be thought 
of as formal functions on the universal covering of C*. 

Returning to theorem 12.11 we finally get the desired result: 
Proposition 3.22. When m is even, the analytic function $o of theorem \2.1\ is given by 



x 

$o(s, a) = —————— T e~ z Sa ^ + (z, a)\~ = ~, a) , (47) 



for x in a sectorial neighbourhood of infinity of aperture ] — ^ — ^ ~ ^r[> uniformly in 
a for a in any compact set of C m , where the direction of Borel resummation a runs through 

} ~ VT,+7t[. 

3.3 Some properties of the Stokes multipliers 

The quasi homogeneity induces some interesting properties of the Stokes multipliers. 
To simplify, we assume from now on that: 

Notation 3.23. 

2l7T 

uj = e m . (48) 



We recall the following easy result in resurgence theory, cf. |18j . 

Lemma 3.24. Let ip\{y) be a formal resurgent function and let v be a nonzero complex 
number. Setting y = ut and ip2(t) = ipi(y), we have the following equality : 

A l VT rb 2 = A^i- 

where A^ denotes the alien derivation at r with respect to the variable x. 

Proposition 3.25. With the notations of theorem, Iff. 1 fA and Iff. 2 1\ we have, for all k 6 Z; 

S k (a) = S (u; k .a). 

Proof. In theorems 13. 191 and 13.2 II we introduce t = z for m odd, t = z for m even. From (|41f) 
and (|46|). we get 

-ip + (e +l7T t,uj.a) = ^_(t,o) 

ip+{t,a) = ^-{e'^t.u^.a). 
Using lemma 15.241 with y = e ln t, we deduce 

& y 2el0 t()-(y,uJ.a) = Al^ip + (t,a). 

Now, by definition of 5o and S\ (theorems 13 . 1 9 1 and 13 . 2 1 H . we have the equalities : 

A V 2e ioip-{y,u-a) = S (u.a)iJ) + (y,u).a) 

A^ijj + (t,a) = Si(a)tp-(t,a). 
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Finally, we obtain : 

Si (a) = So(uj.a). 

We end the proof by an easy induction argument. □ 



Since uj m = e 2l ' K , we get: 
Corollary 3.26. For all k G 



Sk = Sk mod 



3.4 Stokes-Sibuya coefficients and Stokes multipliers 

To describe the connection formulas, we have now two sets of Stokes coefficients at our 
disposal. One is made up of the Stokes-Sibuya coefficients Ck(a), the other is made up of the 
Stokes multipliers Sk(a). The following proposition clarifies the relations between these two 
fundamental data. 

Theorem 3.27. We consider the Stokes-Sibuya coefficients C k given by theorem \2. 1\ and the 
Stokes multipliers described by theorems \3.1iA and \3.2l\ Then, for all k G Z, 

S k (a) = Lo r ^ k ^C k (a) (49) 

where to is given by j48j ). 

In this theorem, r(a) has been defined in theorem 12.11 In particular, when m is odd, then 
1 vn 

r (o) = - — — does not depend on o, so that (f4*9|) simply reads 

for m odd , S*fc(a) = u/Cfc(a). 

[ rn 

Proof. To simplify, we give the proof for m odd only, so that r = — — — . 

By proposition 13.251 and formula (JJJ) of theorem 12.71 it is sufficient to show (|49|) for k = 0. 
By proposition 13.171 <I>o of theorem 12.11 can be defined by 

fcoOc.o) = X e- z S ^ + (z,a) \ = , y (50) 

for z in a sectorial neighbourhood of infinity of aperture ] — §,§[, which corresponds to x in 
a sectorial neighbourhood of infinity of aperture ] — 
Now, by theorem 12.71 3>i is defined by 

$i(i,a) = $o(wx,w.a). 

Using (|50jl. we get the following representation for $i : 



*i(s,a) = —- ~re z s^ + {z,ui.a)\ z = z{uJX y (51) 

Jr m \xu),u).a)i K —' 

for wi in a sectorial neighbourhood of infinity of aperture ] — =r>;?r[) i.e., i in a sectorial 
neighbourhood of infinity of aperture ] — — ~[, so that z belongs to a sectorial neighbour- 
hood of infinity of aperture ] — , — ■§[• By quasi-homogeneity considerations, we have seen 
that z(ujx,uj.a) = e ln z(x,a), (cf. formula (|13j)). so that, by formula (jlTl) of theorem 13.191 

rfj + (z(ujx,uj.a),u).a) = ip-(z,a). 
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Also, 

P m (ujx,uj.a) = uj m P m (x,a). 
This means that (|51|) can be written as 



$i(x,a) = u r J X , eV-( Z ,a) | = , ) 
P m (x,a)4 v '- ; 



3?r 

m 1 m 

tt, — f [)• As for $1, we have the following representation for <l?_i : 



for x (resp. z) in a sectorial neighbourhood of infinity of aperture ] — — ~[ (resp. 

J7T 7T I 

2 ' 2 I 



P m (x,a)4 ^ 

for x (resp. z) in a sectorial neighbourhood of infinity of aperture (resp. ]f , ^-[)- 

To compare <&-i, an d $i, we rotate the directions of resummation so as to sum along 
the direction 0. Since A 2e io?/>-(z, a) = So(a)ip + (z,a) (cf. theorem I3.19|) . V- is not Borel- 
resummable in the direction if So (a) 7^ 0, but only right or left Borel-resummable. In other 
words, we have to take into account a Stokes phenomenon. Since A i/>_(z,a) (definition 
I3.11|) reduces to A 2e ioip-(z, a), one gets &oip-(z, a) = ip-(z,a) + A 2e »o^_ (z, a), where 60 
is the Stokes automorphism in the direction (definition I3.10j) . Therefore, So-?p-(z, a) = 
So+ [ip~(z, a) + e~ 2z So(a) r ip + (z,a)] , where So+ (resp. So-) is the right (resp. left) Borel- 
resummation in the direction 0. 

We obtain: 

*0(*,0) = - ^ T ^+(^o) I = / ) 

P m (x,a)4 v 



$ l(x ,a) = u r e +z S 0+ ^(z,a) I = z(x } (52) 

P m (x,a)4 ^ 



$_i(rc,a) = w"' r r S +[e 2 V-(2 : ,a) + e~ 2 S (a)VM-(z, a)] | _ / y 

P m (x,a)4 ^ ' > 

By theorem 12 .7( we have the connection formula <E>_i = Cb(a)<&o + Co(^)^ii i n this equality, 
replacing <&_i, $0; $1 by the right-hand sides of 1)52(1 and equating the coefficients of e _2 SoV'+ 
and e +z S +V'-) we finally get: 

S (a) = u/*C (a) 
C (a) = uj~ 2r = uj m - 2+2r . 

□ 



4 Solutions of (€ TO ) in the neighbourhood of the origin: Fuchs 
theory 

In order to get more information about the Stokes-Sibuya coefficients Ck (or about the Stokes 
multipliers S&, since this is equivalent, by theorem 13.27(1 . we have to pick up the necessary 
information coming from the other singular point of (£ m ), i.e., the origin. 
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Since the origin is a regular singular point of (<£ m ), the classical Fuchs theory allows to 

describe "canonical" systems of solutions of ((£ m ) near the origin (see, e.g., (3S1I121)- The 

l±p 

characteristic equation is s(s — 1) — a m = 0, so that are the characteristic values, with 



p = (l + 4a m )2. 

Notation 4.1. In what follows, p = (1 + 4a m ) 5 and s(p) = 
We note a' := (ai, • • • , a m _i), and for all teC, 

r.a' := (rai, • • • ,T m ~ 1 a m -i) 



1 +p 



As is well-known, we have to distinguish between the following three cases : p ^ Z, p £ Z* 
and p = 0. Since we have the freedom for choosing the determination of the square root 
(1 + 4a m )a j we can avoid the case where p G — N* in the following theorem. 

Theorem 4.2. There exist two unique linearly independent solutions fi, fa of (<B m ) such 
that 

fx(x,gf,p)=x s ^ gi (x,gf,p) = x s ^ + 

> f2{x,a,p) = X(gl,p)fi{x,a,p)ln(x) + x s{ ~ p) g 2 {x, a',p) 

where g\, g% are entire functions in x and a', while A is entire in a'. Moreover, g\ is 
meromorphic in p with at most simple poles when —p £ N*. Precisely, for all k £ N* ; 



A k (gf,p)l[(p + l)GC[g!,p]. 



i=i 



1. When p ^ Z, then X(gf,p) = and g2(x,a',p) = gi(x,gf, —p). 

2. When p G N*, then 



92(x,a,p) = l + ^2B k (a!,p)i 



with Bp = 0. 



k=l 



Moreover, for all k G N*, X(gf,p), Bk{gf,p) G C[o'], and 

X(uj.gf,p) = u!~ p X(gf ,p). 



3. When p = 0, then X(g/,p) = 1 and 

oo 

g2 (x,gf,p) = ^B k {g!,p)x k 

k=l 

with, for all k G W, B k (a',p) G C[gf}. 

Remark 4.3. When — p G N*, just change p into — p in theorem 14.21 which corresponds to 
choosing the other root for (1 + 4a m )2, or equivalently, which corresponds to a m making a 
loop around —1/4. 



24 



Remark 4.4. In the special case when a/ = 0, the function g\ is meromorphic in p with at 
most simple poles when — p £ mN*. 

The existence and unicity of f\ and fi follow from the Puchs theory, and the chosen 
normalization for g\ and #2- The properties of the coefficients Ak, and A can be proved by 
induction, and this induces the analytic properties of gi, g2- The quasi-homogeneity property 
of A is a consequence of the quasi-homogeneity of equation (£ m ). 

The following result can be shown also by induction, see Rasoamanana |32| : 



1 if r ^ 

division by m. We introduce e(r) = i . . Then 



Proposition 4.5. We consider p £ N* and we note p = km + r, < r < m— 1 its Euclidian 

1 if r ^ 
0i/r = 

X(gf,p) 

p 



1 



i=k+t(r) l i+--+n=P 

l<ij<m 



with the convention ao = 1. 
Remark 4.6. For p £ N*, 

• in the special case when a' = 0, then 

A(0,p)| p ^o mod m = 



while, for E N* 



When m = 2, then 



(-l)*+l 

A(0,p) | p=fcm - 



m 2fc - 1 fer(A:) 2 ' 



1 p/2 

A(a',p) | p= o mod 2 = TT( a l + 2fc ~ !)( a l ~ 2fc + 1) 

j (P-1J/2 

A(a',p)| p =i mod 2 = pr (p)2 Ql II (oi + 2A;)(oi-2fc) 

From the uniqueness of fx and /2 in theorem 14.21 and from the quasi-homogeneity of 
equation (<£ m ), we easily obtain: 



Corollary 4.7. We consider the fundamental system of solutions (/i,/2) of theorem ^ 
T/ien, 

' /: 

/2 



^ ^ (ujx,u.a',p) =yt(a',p) ^ ^ J (x,gf,p) 



(53) 



with 

uj s ^ 



*&'P)=( ^A(a>K^) cX-p) (54) 
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Moreover 



( S f\ ^ m x,a» = m(a',p) (a, a) (55) 



where 

e 2ins(p) Q 



= { 2inX(a',p)e^^ e 2 ^ J (56) 
is i/ie monodromy matrix at the origin. 

5 The Ooo connection matrices 

In section|21 we described a set of fundamental systems of solutions ($jt-i, $fe) of (<£ m ), where 
£ Z. In section we have obtained another fundamental system of solutions (/i,/2)- To 
compare these fundamental systems, we introduce, for all k £ Z: 

( ) (x,o) = M k (gf,p) ( f £\ (x,a',p) (57) 

where the matrices Mk(a/,p) are invertible. 

Definition 5.1. The matrices Mf.{a',p) are called the Ooo-connection matrices. 

We now give some properties of the M k . These properties depend essentially on p, as does 
the fundamental system (/i,/2). 
We start with an obvious result. 

Proposition 5.2. For every k E Z, 

M fc+ i(a',p) = M k (io.g/,p)m(g/,p) (58) 
where the invertible matrix 9T(a',p) is given by \54\) . 

Proof. By theorem 12.71 we write 

f ^ ^ (x,o) = ( J (ra,w.o) = M k (u.a',p) (hj (ux,u.gf,p). 

Since, by definition of OT, ( } ) (ux, u.gf,p) = 9T(a',p) ( ^ ] (x,a',p), we can conclude 

V /a / V h J 

because (/i,/2) is a fundamental system. □ 

Theorem 5.3. a) For every k £ Z, 



det Mk(a ,p) 



(fc-l)(l-f )+r(^.a) 

2(_l)* 



(59) 



I 2(-i)^-ia;(fe-i)(i-f)+K^-a) /orp = . 

6) For every k G Z, £/ie matrix Mk(a',p) is entire in a'. More precisely, 

M k {a,p) = 

( L k {g!,p) _ LfcCo'.p) \ (60) 

L«)L fc ( W .a',p) + |A(a',p)a; s (-P)4( W .a» w«(-P)L fc (w.o / ,p) i 
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(61) 



where Lk(a',p) and Lk(a/,p) are entire in a/ . 

c) For every fcGZ, the matrix Mf.(af,p) is holomorphic in p ^ Z, and 

Vp i Z, Va' E C™- 1 , L fc (a',p) = L fc (o', -p). 

Moreover, extends analytically at p S N*. 

d) For every k G Z, 

2i E fe A ( a / )P ) a; fe S (-p) ^.(-p 

In particular, 

M m (a',p) = M {gf,p)m{g/,p). (62) 

Proof. We only detail the proof for p ^ Z. 

a) We deduce from (|5T)) that 

W(* fc _i,* fc ) = det(M fc )W(/i,/ 2 ) 
where .) is the Wronskian. From lemma l2~S1 we know that 

W($ k - 1} = 2(-l)*- V^^t 

while, by theorem I4.2( taking the limit a; — » and using the fact that the wronskian is 
x-independent, one easily gets 

W(fi, f 2 ) = s(-p) - s(p) = -p. 

b) From (jHZ|), we have VA; eZ,| ^ (x,a) = M fe (a',p) ^ ^ ^ (x,gf,p) with M k (gf,p) = 
( i l{ r; P \ ^-^l) so that, in particular, 

$fc(x,a) = Pk3{a,p)fi(x,gf,p) + ,P)f 2(^,0/ ,p). (63) 

Then 

(cjx,cj.a) = Mk(uj.a,p) ( ^} J (ux,u.gf ,p). 

\ h J 

By proposition 15,21 and corollary 14.71 we get: 



) ^ = M *^>P) ( ^0 ^(-P) ) ( /2 ) ' P) 



so that 

* fc (x,o) = w a ®p kl {w.g!, P )h(x,g!,p) + fa 2 (uj.g! ,p)f 2 (x,g! ,p). (64) 

Comparing (|63|) and (|64[). we obtain the announced form for with /J^i = L k and /3^2 = L k , 
since (fi, f 2 ) is a fundamental system. 
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b) and c) We have 



«i = - L ( V 1 V ) ( 1 "/ ; 
pi *i *» y V -a a 

so that the analytic properties of easily follow from the analytic properties of the $fc's 
(theorem 12. 7j) and of /i , fi (theorem 14. 2|) . 

d) The given statement follows from proposition by induction, inferring from (|54j) that 
^(cj.o'.p) = 9t(a',p). □ 

In addition to theorem 15.31 it is easy to show the following proposition (the special case 
where gf = follows from remark \4A^ : 

Proposition 5.4. The restriction to p ^ Z of the function L/~(gf,p) (resp. Lk(gf,p)) has a 
meromorphic continuation in p, with at most simple poles when p €N (resp. —p GNj. 
In the special case where gf = 0, the restriction to p ^ Z of the function Lk(g/,p) (resp. 
Lk(a',p)) has a meromorphic continuation inp, with at most simple poles at p S mN (resp. 
—p £ mN). 

6 Monodromy, Stokes-Sibuya and Ooo connection matrices 

We collect here the different results we have got on the monodromy, the Stokes-Sibuya and 
the Ooo connection matrices to obtain a set of functional relations. 

6.1 First functional equation 

From the very definition (|57|) of the Ooo connection matrices and the fundamental property 
if?)]) of the Stokes-Sibuya connection matrices, we have for all k G Z: 

M£H*0- B '(£)- e ^U)- 

Since (/i,/2) is a fundamental system, we thus have the following proposition: 
Proposition 6.1. For all k 6 Z, 

6 fc (o) = M fc (a / ,p)M- + 1 1 (a',p). (65) 

Using l)65[). we see that 

©o(o)©i(q) • • • 6m-i{a) = M (g^,p)M- 1 {gf,p). 
Using (]62[). we obtain the following theorem: 

Theorem 6.2. XTie Stokes-Sibuya connection matrices satisfy the following functional rela- 
tion: 

6 (o)6i(o) • • • 6 m _i(a) = M (a , ,p)9Jt- 1 (a / ,p)M - 1 (a , ,p). (66) 

This functional relation is equivalent to formula (|10|) of theorem 12.91 But this new formu- 
lation is interesting thanks to the following two corollaries. 
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Corollary 6.3. We have 

Tr (60(0)61(0) • • • 6 m _i(o)) = -2cos(7rp) 

where Tr is the Trace. 

Proof. This follows from the fact that Tr (Mo(gf,p)m' 1 (ci,p)M 1 (gf,p)) = Tr (aJT^o'.p)) = 
— 2cos(-7rp). □ 

We have also the following result: 
Corollary 6.4. We assume that p £ N*. Then, with the notations of theorem \4-2[ 

60(0)61(0) • • • 6 m _i(o) | Afe>)=0 = (-l) p+1 ( J ) • 
Proof. From corollary F71 we know that M(g/,p) = e 2i7rs(p) ( , , ] with 2s(p) = 



1 + p, so that 



2m\(a',p) 1 



M (a',p)2)T 1 (a',p)M ^p) U(o',p)=o 



1 

A(a»=0 - l-J-/ I 1 



^- 1 (a / ,P)lA(a', P )=0 = (-l^ +1 



□ 



6.2 Second functional equation 

Theorem 6.5. We use the notations of theorem \5.?A 

• 1. We assume p ^ Z. We assume furthermore that a is chosen so that, for all k = 
0,--- ,m-l, L (co k .gf,p) / 7 . Then 

L (a',p) _ ^-lu;-( m+1 )§ y, 1 ^ .a) + ( k+ i) P 

• 2. We assume pgN*. Assuming also that a is chosen so that, for all k = 0, • • • , m — 1, 
Lo(u k .a' , p) / 0, i/ien 

3 ^ w r(o; fc .a,p)+(fc+l)p 

iirpu>2 + 2 \( a ' ,p) = > — - . (68) 

^ Lo( W *.a',p)Lo(a;*+i.a',p) 

Proof. • 1. Using formulas (|59|) and (|6Uj) with /c = 0, we get 

w s( ~ p) L (a , ,p)L (w.a / ,p) -a; s WL (a;.a / ,p)Zo(o / ,p) = --a;- 1+r ^ 



7 Note that Lo(a' ,p) cannot be identically zero; therefore, this is a generic hypothesis on a. 
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and, more generally, for all k = 0, • • • , m — 1, 

w a (- p >Lo(iAa^)Zo(w fc+ V,P) - ^( p )L (^ fe+1 .a , ,p)L (^.a / ,p) 



_f w -i+»V-2). 
p 

We assume a generic so that for all k = 0, • • ■ , m — 1, Lo(oj k .gf,p) / 0. The previous 
equalities read also: 

s( _ p) L (uAa',p) (p) Lo(^+V^) 2 ^-i+K^.q) 

v ' — — UJ K ' — — — — . 

L (uj k .g/,p) L (uj k+1 .g/,p) P LQ(u k .g!,p)L {oj k+1 .g/,p) 

From the holomorphy in a' of Lq and Lq, this can be written in the following form, 
since uj m = e 2tn : 



( L (gf,p) \ 
L (a',p) 

V L (o; r "- 1 .a',p) / 



2uj 



-i 



P 



UJ 



r(a) 



L (g/,p)L (uj.g/,p) 



to 



riui" 1 - 1 .^) 



where 







V L (u m - 1 .a',p)L (a',p) J 
\ 







••• uj s( ^ -lu s ^ 

\ -uj s{p) ••• u/(- p ) J 

isamxm circulant matrix whose determinant is uj ms (~P) - uj m <P\ This determinant 
does not vanish because s(p) — s(—p) = p is not an integer. The inverse of this matrix 
is also a circulant matrix, precisely: 

1 



( w ( m - 1 ) s (-?>) a; ( m - 2 ) s (-p)+s(p) 



UJ 



s(-p)+(m-2)s(p) 



UJ 



(m-l)s(p) 



UJ 



(m-l)s(p) 



(m-l)s(-p) 



s(-p)+(m-2)s(p) 



\ u;( m - 2 ) s (-P)+ s (P) . . . a; ( m - 1 ) s (p) 

This yields, since s(p) — s(— p) = p, 

Lo(gf,p) _ 2oj- 1 L J ( m - 1 >(-P^ J2,,i P w 



UJ 



(m-l)s(-p) j 



r(u) l .a) 



L (a',p) " p(u>™(-p) - w ™(p)) ^ " Lo(c;'.a',p)Lo(w'+ 1 .a',p) 



that is also 



Lo(a',p) psin(Trp) 



m—l 

£' 

2=0 



r(cj'.a) 



L (a;' .a' , p) L (u/ +1 . a' , p) 
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2. We work with formulas Q59JI and (|6U|) with A; = 0, when p £ N*. Using also the fact 
that X((jj.a',p) = uj~ p \(g[ ,p) (see theorem I4.2|) . we get 

( L (g/,p) \ 
L (g/,p) 



2uj- 



r(a) 



V L Q (u: m - l .g!,p) J 



L (g/,p)L (uj.g/,p) 



r(o; m - 1 .a) 



/ 1 \ 



+ 2nr^ ( _ p)A 
m 



\ L (u m - l .g/, P )L (g/, P ) J 



-(m—l)p 



where £ is the previous circulant matrix. But now det(£) = uj ms (~ p } — w ms (p) = o, since 
s(p) — s(—p) = pgN*. It is straightforward to see that £ is of rank m — 1, so that the 
compatibilty condition reads 

a \ 



det 



a m -2 















































-lo s (p) 













u <-p) 
















where 



2uj- 



ttk 



P L (w fe .a / ,p)Lo(w fc+1 .a / ,p) m 



This means that 



Ct ,(m-l) S (-p) Q , m _ 1 + w (m-l)*(p) am _ 2 + w («»-2)«(p)+«(-P) Q!TO _g+ 
... + w <(p)+MM-p) ao = o, 

that is also, because s(p) — s(—p) = p, 

a m _! + J m -VPa m „ 2 + J m ~VP Q m _ 3 + • • • + w p a = 0. 



We eventually get, since p is an integer: 



nrpujz z A (a ,p) 



r(o; m - 1 .a) 



m-2 



r(u k .a' ,p)+(fc+l)p 



Lo(^ m -V,p)£o(o',p) ^ L (uAa',;p)Lo(w fc +y,p) 



□ 



Theorem 16 . 51 induces the following interesting result. 
Corollary 6.6. The Stokes-Sibuya multiplier Co (a) satisfies: 
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• when m = 1, for all a £ C: 

Co (a) = —2 cos (7175), 

• when m = 2, for all gf £ C and p ^ — N: 

C (g)L (uj.gf,p) = -2ie~ ln ^~ cos (t^(p + L (a',p), 

• u>/ien m > 3 ; /or a/Z a' 6 C m_1 and p ^ — N: 

C (a)L (uj.a',p) = 

w r(a)-i+^ (Z („' !p ) w -^)+M+I + L (u,V,pV^H+f-f) . 

Proof. Formula (|65j) of proposition 16 . II with = yields &o(a) = Mq(cl ,p)M 1 _1 (a / ,p). Using 
(jBU)) an< ^ (ED; w e obtain: 

C (a) C (a) \ _ 

i o ; 

/ L (gf,p) L (gf,p) \ ( uj s ^ L (uj .gf , p) uj s ^L (uj.gf \p) V* 

1 uj s ^L (uj.gf,p) c/(-P)L (w.a» J \ uj 2s ^ L (uj 2 .gf ,p) uj 2s ^ L (uj 2 .gf , p) J 

so that, with 

Co (a) = -»w 1 -' [u ~ , , : - ^ ~ , 9 , : L (g,p)L (uJ .g,p). (69) 
2 V L o{a',p) L (uJ 2 .gf,p) J 

We now apply formula (|H7|) under the assumptions made in theorem 16.51 

• When m = 1, uj = e 2m and r(a) = — , and formula (fflTj) of theorem 16.51 reduces to: 



L (p) psin(vrp)Lo(p)Lo(p) 
This allows to write (j69|) as: 

sin(2vrp) 

Co (a) = —, — r- = -2cos(vrp). 

sm(7rp) 

This result extends for all a £ C by analytic continuation, since Co is entire in a. 

When m = 2, we have uj = e J7r and r(o) = -. 

Formula (|67|) of theorem 16.51 becomes: 



L (gf,p) uj T I u 2 + P lo 2 +2 p 



L {g',p) psrmVp) V L (gf,p)L (uJ.gf, P ) L (uj.gf ,p)L (gf ,p) J ' 



32 



or also 

Lo(a/,p) _ coB(f(p + ai)) 1 



L Q (a',p) psm(irp) L (g/ ,p)L (u.a' ,p) 

This means that ()69|) reads: 

a (a) = -2i e -^cos^(p + a 1 )^ 



2 / L (u).a',p) 

The announced result follows by analytic continuation for all af € C and all p ^ — N, 
since Cq is entire in a, while Lq is holomorphic in a' 6 C and p ^ — N. 



C (a)=z — — — r L (a,p)L (^ .a,p)x 



- P y „ " J 



' £ L (u;Ka',p)Lo(ul+l.g/,p) f^ Q L (^+2.a)L (^+ 3 .a',p) / 



• When m > 2, we can write by theorem 16.51 

-i,j-( m - 1 )|- r ( w -s) 
2 sin (717?) 

m -! ^p+r^.a) m- 1 UJ lp+r{J+ 2 .a) 

^ T.J .•! . 

which reads also: 

C (a) = 

i _ |_ _ _ |_ 

2sin(7rp) \L (g/,p)L (uJ.a',p) L (uJ.a' , P )L (uj 2 .a' ,p) 

m ~ 1 CJ (2-l)p+r(w i .a) m " 3 L0 {l+l)p+r{u l + 2 .a) 



y^ — - l, y 



^ L Q (u;'.a / ,p)-Lo(a; z + 1 .a / ,p) ~ L (w' +2 .a / ,p)L (w'+ 3 .a / ,p) 



L (g/,p)L (uj .a',p) 



L (a' ,p)L ((jj.g/,p) L (uj.a' ,p)L (u; 2 .a' ,p) _ 
The right-hand side of this equality simplifies to give 

C (o) = 

^Lo(w.a',p) L (u.a',p) J 

Again, the announced result follows by analytic continuation. 



□ 



6.3 Third functional equation 

In this subsection, we study a class of differential equations (<£ m ) with higher symmetries. 
For that purpose, it will be useful to introduce new notations. 
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Notation 6.7. For m,n G N*, we define 

Qlu = (0, ■ ■ ■ , 0, a n , 0, ■ ■ ■ , 0, a 2n , 0, • • • ,0, a jn , • • • ,0, a nm ) G C nm , 

i.e., 

a„ = (aj)i<j<nm so that a, =0 if j / mod m. 
For such ao„, we also define: 

d n : = ( a j)l<j<nm-l 

and 

-1) ' /l ^2 I fc V ' 



0'n(m- 


i) 


2(m- 


i) 


n m 






i) 


2(m- 


i) 


n 



We shall consider in this subsection the following differential equation: 

d 2 

(<CJ x 2 -^<S>(x,a n ) = Pnm{x,a n )$(x,a n ). 

This equation is a particular case of our main equation (<£ nm ), but its higher symmetry 
will allow us to compare its Stokes-Sibuya and Ooo connection matrices with those of (<£ m ), 
associated with the polynomial P m {x^g Ln ) of lower order. 

We begin with a lemma: 
Lemma 6.8. If $ satisfies the differential equation (£" m ) with n,m £ W, then ^ defined by 

*(x,aj := x^r$ ((n£a;)»,a n ) 

satifies the differential equation (<£ m ) wi/i a = a n; i/tai is: 

x 2 -^^(x,a n ) = P m (x,a n )^{x,a n ). (70) 
Proof. We consider the transformation 

n — 1 

with a = . Then 

2n 

\ 2 

x 2 #"(x,aj = -2X a+ »$"(Axn,aJ+a(a-l)x a $(As»,a n ). 
Assuming that x 2 &'(x, a n ) = P n m(x,a n )$>(x,a n ), one gets 

x 2 ^"(x,a n ) = (^Pnm(Xx^,a n ) + a(a - 1)^ *(x,a„). 

2 

We choose A = n«™ to get the statement. □ 



34 



Notation 6.9. We note C%(a n ) and C£(a n ), k £ Z, the Stokes-Sibuya coefficients associated 
with equation (<£™ m ). 

The above lemma induces the following corollary: 

Corollary 6.10. The Stokes-Sibuya coefficients Cq (a n ) and Cq (a n ) associated with equation 
((£™ m ) are related to the Stokes-Sibuya coefficients Co and Co of equation (<£ m ) by: 

CoK) =u—C (a n ) 

(71) 

Co(«n) =u—C (a n ) 

where u = e m . 

Proof. We note $o the solution of (<£ TO ) which is characterized by its asymptotics 

at infinity in the sector Eo = {\x\ > 0, | arg(x)| < ^} (where r m = r and S m = S in theorem 
I2.1|) . The Stokes-Sibuya coefficients Co and Co are defined by: 

$o(^ _1 ^i w _1 .a) = 

(72) 

Co (a) $0(^,0) + C (a)<I>o(^ a;. a) 
with uj = e~ . We note $q its analog for equation ((£™ m ), so that 

T$J(X, a n ) = X r ^(a n ) e -S nm (x,a n ) ^ + £Q) 
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at infinity in the sector Sq = {|x| > 0, |arg(x)| < ^} (where r nm = r and 5 nm = S 
theorem 12.1(1 . and 

^(w-^.w-^aj = CffCajSJKx.aJ + q?(a n )*5(w n a;;a; n .a fl ) (73) 
with w n = e™». Introducing, with lemma IBTHl the function 

^o(^,a„) = x^^o ((n™x)^,a„) (74) 
we get a solution of (<E m ) such that 

T^ (x,a n ) = n ^rn{aJ x ^r nm (aJ+^ e -S nm {{n^x)k,a n ) (1 + G (l)) 



at infinity in the sector So- One easily checks that S nm ((nm x) « , a n ) = S m (x,a n ) and 

1 n — 1 _,. 

—fnmiQLn) = r m (a ) . This means that 

n 2n 

^ofoaj = nm rm( ^™ )_ ^ L $o foaj • (75) 
From (|73|). one observes that 

7i-l , , ■ »— 1 2 1 x 1 1 

w 2" (cj i xj 2n $^((n™w i x)«,tj n i .a ri ) = 

(76) 

Co(aJ^$o(( n ^)">aJ + ^^C'o(a n ) H^^^n^^^n.aJ 
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so that, by ((71) . 

uj a™ ^>o[u)~ x,uj~ .a n ) = 

(77) 

Co (Sn) *o (x , fin ) + w ~ ~ Co (Sn ) ( , w • a n ) . 
Using (|75|1. one can compare this last equation with 1|72|) to get the final result. □ 



Lemma 16.81 can be used also to compare the Ooo connection matrices. We shall use the 
following notations: 

Notation 6.11. We note L^(g/ n ,p(a mn )) and L^(gf n ,p(a mn )), k € Z, the coefficients of the 
Ooo connection matrices associated with equation (£" m ) with p(a mn ) = (1 + 4a mn )2 . 

Corollary 6.12. Mien - P ^ mn ^ d pj 

n 

7n/ / / \\ HL(l-i) -l-rfo H p( " mn) + — -17 /~' P(<W)\ ,~ q n 

io(a n >p(amn)) = e ml ™ J ™ m r ^nn mn i- m I a n , 1. (78) 

Proof. We use the notations of theorem l4.2l We introduce the solution fi(x,a) of ((£ m ) which 
reads 

/ 1 (x,a',p(a m )) = x s ^ a ^ 9l {x,g!,p{a m )), (79) 

where we assume that p(a m ) = (l + 4a m )2 ^ — N. In the same way, we note fi(x,gf n ,p(a mn )) 
the solution of (£^ m ) which can be written as 

fi(x,a n ,p(a mn )) = x s M a -»g n (x,g/ n ,p(a mn )) (80) 

under the condition p(a mn ) ^ — N. Following lemma IBTHl we define 

F 1 (x,q n ) = x~fi ((n™x)n,g/ wP (a mn j\ (81) 

which is solution of (<£ m ) with parameter a n . One easily checks that, necessarily, 

Fl (x,a n ) = „^««— »/! (,,a' n , . (82) 

In other words, 

/i (x,a;,^^) = n-^W—Wa:^^ ((n**)*, a„,p(a mn )) . (83) 

Note that this equality allows to extends analytically fi(x,gL,p(a mn )) for ^ mn ^ ^ — N, 
and this translates to the L^(gf n , p(a mn )) as well. 

We consider the Ooo connection matrices M\ and Mf associated with ((£ m ) and (£™ m ) 
respectively. We have 

Li(a',p(a m )) = 
-^TJ (/l^a'^a^^^a) - f[{ x ,d,P( a m))$o(x,a)) 
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and 



Li(g! n ,p(amn)) 



(fl( X ^n,P( a mn))^o'( X ^n) ~ fx af n , p(<w))$0 (x, O n )) 

where <£q has been defined in the proof of corollary I6.1UI By (|74|) and (|75|l. we know 

2 rK5n)+' 1 - 1 n_1 



Equation (jHU together with (JHSJ and (JHSJ) yields: 



(85) 
that 
(86) 



pjamn) , 1 



/" ((n^x)n,gf n ,p(a mn ))^({nr nX )n,a n ) 



Comparing l|87j) with (|85|) . we get 



L?(a;,K«mn)) = n™ r ^) + 



2 „/~ ^ i p{amn) 1 



H ' mn m 



n 



m 



Using formula (fHTj) of theorem 15.31 we eventually find, since r(a) + r(u.a) = 1 — — , 



-ni I I w — C1--1 - — rCa ) + ^ v " m7i; +-!--! r l~ 



io(tt„,P((im»)) 



p(nmn) , 1 
mn m 



/ piflmn) 



11 



(87) 



(89) 
□ 



7 Some applications 

7.1 Application for a special class 

Some simplifications occur when a/ = 0, allowing to get the following proposition: 
Proposition 7.1. We consider (£ m ) on restriction to a/ = 0. T/ien 



So(0, a r 



_<7T / P 

2e m cos 1 7T — 
V m 

1 



_ 2l7T 

-e "i 



Af o (0,p) 



/9m(-p) 



_ 1 
U) 2 



w «(p)eA»(-p)i^_2. 







Z, 


m 




(- 


p_ 


) 




m 




r 










m 



=/3m(p) 



^ 2 p /£_ 



V m/ \frrm \m 



where s(p) 



l+p 



mir \mJ J 

, while (3m{p) is an odd function, entire in p, such that for all k £ N* ; 



e P m (km) _ ± m k^ 



37 



Remark 7.2. We shall see in a moment ( §A.1|) by other means that Lg(a) = —e mp — when 

vvr 



m = 1. Moreover r(a) = — for m = 1. Applying corollary 16. 121 with af = 0, we deduce that, 



'mil 

while 



L {0,p) = e'^m-^e' i7T ^- V "' ' 



/mir 
1 m 

Proof. We note that when gf = 0, then uj.a = a and r (a) = - — — . This has two consequences. 
Firstly, when applying corollary 16.61 one immediately gets, for p ^ — N, 

Co(0, a m ) = 2e~™ cos 1 7r — 
V m 

Since Co (a) is an entire function in a, the cibove formulci extends to all dm-> 

by analytic 

continuation. 

Secondly, formula (|H7j) of theorem 16.51 reduces into 

1 ■ f P 
— = — upsm I 7T — 

L Q (0,p)L (0,p) V m 

TT 

which resembles the Euler reflection formula — — — = — zsin(7rz). Since by proposition 

T(z)T(-z) 

15. 4( the restriction to p ^ 7L of the function Lq(0,p) (resp. Lo(0,p)) has a meromorphic 
continuation in p, with at most simple poles at p G raN (resp. — p G mN), we can write 

_ i 

L (0,p)=a(p)^irU 
y/rmr V m 

and 

where a(p) is a nowhere vanishing entire function of p. In other words, 

a(p) = e ~M) 

with P m (p) an entire function. Furthermore, by theorem 15 . 31 again . we know that Lq(o/ , —p) = 
Lq(o/,p). This means that f3 m can be chosen as an odd function. 

Still by theorem 15.31 we know that Lo(a',p) extends analytically to p G N*. Moreover, 
when 

p = km, k G N*, 
then formula (|68|) of theorem 16.51 gives 



L'o(0,p) \ p =km = (-1) 



7rpA(0,p) p_ m 
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By remark f4. 61 we know that 

(-!)*+! 



\(0,p) \ p =km 



and therefore, 

72/n \ I 2kU~ l T 2 {k) 

L 2 (0,p) p=km = m 2k 

mn 

that is 



Lo(0,p) \ p =km = ±rri 



J mix 



7.2 Application when m = 2 and consequences. 



We consider the case m = 2, so that u> = e m and rid) = — — . 
On the one hand, corollary 16.31 implies 

Co(a)Ci(a) + C (a) + Ci(a) = -2cos(vrp) 

with Ci(a) = Co (a; .a), where, by Q of theorem 12 .7[ 

C (a) = e~ inai , Ci(a) = C (u).a) = e inai . 

This means that 



7T 



C (a)C (w.a) = -4cos (-(p + a x ) cos ~(p - ai 



7T 



On the other hand, we know by corollary 16.61 that (for a generic): 

L {af,p) 



C (a) = -2*e- w ^cosf-(p + oi; 

^ ' L {u.g/,p) 

Also, by formula (|68|) of theorem 16.51 we have, when pGN* and for af = at generic, 

u , s cos(f(p-ai)) 



L (g/,p)L (oj.a',p) 



By remark f4. 61 < 



p=0 mod 2 



("I) 



p+1 P/2 



| P = 



1 mod 2 



^r(p) 2 
^r(p) 2 



JJ(oi + 2Jfe-l)(ai-2jfe + l) 



fc=i 

(P-1J/2 



so that 



ai Y\ (a 1 + 2k)(a 1 -2k), 



k=l 

Lo{af,p)L (u.gf,p) | p£ n* 
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p+2 



cos (£ai) T{p) 2 
2(-l) — V2 ; y ' , peven 

7rrife=i(«l + 2k - !)(«i - 2* + 1) 



sin (|ai) r(p) 



2 



2(-l) — ; , podd. 

™i II?=i («i + 2 *0 («i " 2fc ) 
This can be also written as 

L (a',p)L (u,.a!, P ) \ p& * = Pj (91) 

At this point, we can use the following lemma, whose easy proof is left to the reader: 
Lemma 7.3. When p + ai + 1 = -2N with N G N ; then, for p £ -N* ; 

/l (,, fll ,p )= ^)e-x: r( yff 1 i ^ ) ^ 

^ r(n + p + l) 

71=0 



where the Q n (ai,p) £ C[ai,p] are defined by: 



Qo(ai,p) = 1 

(ai+p+ 1 +2n)Q n (ai,p) - (n + l)Q n +i(ai,p) = 0, n > 0. 



^ Tip + 1) 

In particular, fx(x,ax,p) = (-1) N 2 N — $oO,a). 

T{N + P+1) 

This lemma implies that 

L (w.a,p) = when j p £ -W 

that is also 

L (a',p) = when { p -*^ W (92) 
Since the right-hand side of ()91j) has only simple zeros when p + at + 1 G — 2N, we can write: 

L {gf,p) | peN * = -«r^eH _^M_^^*) | peN * (g3) 

with /3(-ai,p) = -/3(ai,p). 

Now when p ^ Z, the coefficient Lq(o/,p) can be derived from formula (|67|) of theorem 16.51 
This gives: 

L,( g ',rtL (..„',p) = 2 COS <^ + ° l) ) . (94) 

psm(7rpj 

We recall also that Lo(g/,p) can be derived from Lo(a',p) just by changing p into —p. Using 
(|9*2^1 and the known analytic properties of Lo(a',p) and Lo(a',p) described by proposition 
15 A\ equation (|94[) shows that equation (|9*H|) can be extended to all (gf,p) G C 2 withp ^ — N*, 

L 0{ af,p) = -i2-^ r g e^> 

1 V2 2 * 2> 
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where can be chosen as an entire function satisfying 

P(-a!,p) = -0(ai,p) and /3(ai, -p) = /3(oi,p). 
Finally, formula |9UI reduces into: 



( ^ = _2i e — if C os ( £(p + ai ) 1 £ii±l±ll.2 / 3(a 1 , P ) 



r(I-f + J)" 



To summarize: 



Proposition 7.4. VFe assume m = 2. TTten i/ie Stokes-Sibuya mutiplier Co may 6e written 
as 



C Q (a) 



-2ze i7r 2 1 cos (— fp + at, , 



2l e 2/3( ai ,p) 



and Cq (a) = e 



(95) 



£(i+f+i) 
r(l-f + |) 

where (3 is an entire function satisfying P(a\,p) = /3(ai, — p) = —(3(—ai,p). 

Moreover, the coefficients of the Ooo connection matrix Mq of theorem \5.cl\ satisfy, for p ^ Z, 



£o(ai,p) 



-i2~— e m 2 



r(p) 



rr2 _ -i- l N 

^2 2 ' 2' 



a /3(ai,p) 



L (a 1 ,p)L (uja 1 ,p) 



cos(f(p + ai)) 
jj sin(7rp) 



(96) 



Remark 7.5. The above proposition is interesting since, for instance, it already provides the 
location of the zeroes of Co and of the other Stokes-Sibuya coefficients. However, one can be 
more precise, using the Whittaker special functions. We shall see in a moment f ^A.2|) that 



0{ai,p) 



-at. 



With this remark and corollaries 16 . 1 01 and 16 . 1 2l proposition 17.41 implies the following con- 
sequences: 

Corollary 7.6. We consider the differential equation 

o d 2 



where n S N*. Then, 



Co(^n) 



dx 2 



$ = ( x 2n + a n x n + a 2n ) $ 



2e-^e-^2-^ n ^ + f + \ ] cos f + ^)vr 



where p = (1 + 4a2„) 2 . Moreover, when p ^ — wN ; 



^K,p)=e"-e-2 



£_ /Tl\ 2n + 2n 2 



T( P. a n I 1 ^ 

1 v 2n 2n 2 J 
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7.3 Application when m > 3. 

As a matter of fact, we shall only discuss the cases m = 3 and m = 4 to show what kind of 
information we can extract from our analysis. 

7.3.1 The case m = 3. 

In a sense, m = 3 is the first interesting case, since no special function solution of ((£3) is 
known. 

2i7T 1 

Here we have uj = e 3 and r(a) = — — is a constant function. 

We first apply corollary 16.31 to get a functional relation between the Stokes-Sibuya multi- 
pliers: 

C (a)Ci(a)<? 2 (a) + 0,(a)C 2 (a) + C x (a)C Q (a) + C 2 (a)Ci(a) = -2cos(7rp) 
where, by ® of theorem 12. 7( 

C (a) = <7i(a) = C 2 (a) = eT. 
Applying now corollary 16. 6( we find, for all a' G C 2 and p ^ — N: 

Z (w-a / ,p)Co(a) = [L (a',p)u2 + Lo(w 2 -«',P)^~2 J • (97) 

We concentrate on the case By formula (|68|) of theorem 16.51 we get 



i7rpo;4 + 2 \(g! ,p)Lo(gf ,p)Lo(u;.gf ,p)Lq(lo 2 .a! ,p) = 

L (uJ.a,p) +uj p Lo(uj 2 .a,p) + uj 2p L (gf ,p). 

We now add the assumption that gf has been chosen so that 

\(d , p)L (g/ , p)L (uj , p)L (uj 2 .a , p) = 0. 

Using the remark that Lq{oj.o[ ,p) = implies Lq(o/ \p)Lq(oj 2 .af ,p) 7^ necessarily (otherwise, 
one of the two Ooo connection matrices Mq or M\ is not invertible, which is absurd), equations 
ijSEj) and (jnZJ) imply that: 

Co (a) = Ci(a) = C 2 (a) = -c^-f = {-l) p+1 e~f . 

We summarize our results: 

Proposition 7.7. VFe assume m = 3. T/ien i/ie Stokes-Sibuya multiplier Co (a) satisfies the 
functional equation 

C (a)C (uj.a)C (uj 2 .a) + ef (C (a) + C (a;.a) + C (uj 2 .a)) = -2cos(7rp) (99) 

1 2l7T 

iwi/i p = (1 + 403)2 and uj = e~ , whereas 

C (a) = ef. (100) 



(98) 
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p 2 - 1 

Moreover, when 03 = — - — with p , then 

X(a ,p)L (a ,p)L (uj.a ,p)L (oj 2 -a ,p) = 
is equivalent to Cq being a constant, precisely 

C = (-ir +1 e-f. 

We note that proposition 17.71 can be derived from corollary Ifi. 41 when A(a',p) = 0, while the 
particular case a\ = 02 = is given by Droposition l7.il 

For a given p G W, the case X(a',p) = can be seen as an isomonodromic deformation 
condition, since both the monodromy at the origin and the Stokes structure are fixed. We 
get: 

Corollary 7.8. For m = 3 and p G N* ; the condition X(gf,p) = is an isomonodromic 
deformation condition. 

By computing X(a',p) (see proposition 14. 5|) . one obtains for example, from proposition [721 
• If p = 1, then X(a',p) = 02- Therefore, for all a± G C, 

Co(oi,0,0) =e~T . 

By a Tschirnhaus transformation, this case is equivalent to the Airy equation. This 
means also that Lo(a\,0, 1) = Lq(0,0, 1) so that by remark [7721 



while L (ai, 0, 1) = e 33 a e 



Lo(oi,0,1) = e -^33e l7r *^^ 



3vr 



3vr 



• If p = 2, then X(a',p) = — + We deduce that, for all 02 G C, 

C (a 2 ,a 2 , -) = -e 3. 

• If p = 3, then X(a',p) = ^— ^ + -. Thus, for all a 2 G C*, 

„ A + al n . _i 2L 
C (— ^,a 2 ,2 =e 3. 
4a 2 

Since X(a',p) can be computed exactly for all fixed p G N*, it is natural to try to get more 
informations from equation (|98[). The result is a little bit disappointing, as we now explain. 

We assume that 

L (a',p)L (u;.g!,p)L (u 2 .gf,p) + 0. (101) 
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We note that, by remark 17^1 

^o(0, p) = e~^33e 

V3vr 

so that hypothesis ()101j) is valid for a' in a neighbourhood of the origin. We can write (|98[) 
y(a',p) + u p y(u.a',p) + u) 2v y(u? .of ,p) = -Tipu 1 '^ \(a ,p) (102) 



as 



with 

y{gf,p) = — . 

L (a',p)L (u.a',p) 

Equation 1)102(1 can be thought of as a non-homogenous second order linear (/-difference 
equation. Unfortunately, we are in the worst situation, when q is a root of unity, so that 

solving (|102|) gives very little information. Indeed, we first observe that —uj 1 ~ a X(gf,p) 

3 

is a particular solution of (|102j) . because X(oj.a/,p) = u~ p \(a/,p). Therefore, by linearity of 

()102|) . one only needs to solve the homogenous equation 

y(o',p) +uj p y(oj.g!,p) +uj 2p y{oJ 2 .g!,p) = (103) 

oo 

in the space C{ai,a2j-. Writing y(gf,p) = b^^a^a^, equation (|103[) is equivalent to (since 



k,l=o 



uj 3 = e 2i7r ): 



(1 + u p+k+21 + u 2 ^ 2k+l )b kjl a\ 4 = 0. 

fc,Z=0 

Thus, y G C{ai, 02} is solution of (|103|) provided that 6^ = when p + + 21 = mod 3. 
This corresponds to a vector-space of infinite dimension ! 

To end this subsection, we mention jSE] for the numerical computations of the Ooo connec- 
tion matrices. 

7.3.2 the case m = 4 

When m = 4, we have r(a) = 02 H — so that, by theorem 12. 71 

2 2 8 

Also, by corollary 16.31 : 

Co(a)Ci(a)C 2 (a)C 3 (a) + C (a)C 2 (a)C 3 (a) + C 1 (a)Co(a)C 3 (a)+ 

C 2 (a)Co(a)Ci(a) + <7 3 Ca)Ci(a)C 2 (a) + 0)(a)C 2 (a) + Ci(a)C 3 (a) = -2cos(7rp). 
We already know, by corollary 17.61 applied with n = 2, that 

TVP 1 a 2 _i_ 1 \ 

0,(0, oa.0, a 4 ) = e -^ + i) 2 -l + i ^ + X + l) cog g (p + ^ (1Q5) 



(104) 



with p = (1 + 4a4 
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Propositions similar to proposition 17.71 can be obtained for every m > 3. In particular 

p 2 -l 

for m = 4, we show what happens for values of a such that 04 = — - — with p £ N* 

and X(gf ,p) = 0. Evaluating the last row of the product &o(a)&i(a) ■ ■ ■ ©3(a) and applying 
corollary 16 A\ one gets 

( (Ci(a)C 2 (o) + Ci(o)) C 3 (o) + Ci(a)C 2 (o) (d(o)C 2 (o) + Ci(o)) C 3 (o) 

= t- 1 ^ 1 ( J ? ' 

We have u; = e~ so that 6*2(0) = Co(uAo) = Co (a). We thus get 

C (a)Ci(a) + C (o) = (-lf +1 C^ 1 {a) 

and 



v C (a)d(a) + C (a)J C 2 (o) + C (o)Ci(o) = 0. 
Since Co(a)Ci(a) = —1, we obtain 

Co(a) = (-l) p+1 C 2 (a), Coiajdia) = (-l^C^o) - C (a). 
Computing X(af,p), one obtains for instance: 

• If p = 1, then \(a',p) = 03. Therefore, for all (ai, 02) 6 C 2 , 

C (ai,a 2 ,0,0) = C 2 (ai,a 2 ,0,0), 

Co(ai,a 2 ,0,0)Ci(ai, O2,0,0) = -2icos ( ~(a 2 - -of) J . 



,2 4 

This case corresponds to the Weber equation. By a Tschirnhaus transformation, one 
can use equation ()1(J5|) to get 

C (ai,O2,0,0) = 

By the Euler reflection formula and the duplication formula for the Gamma function, 
one gets the usual well-known formula (cf. |35|). 

Comparing this result with (|105jl . it is tempting to conjecture that: 

60(01,02,0,04) = 

1 U 4 "r 16 U 1 "r 2^ \ 

(This satisfies the functional relation (|1U4|) ). 
• If p = 2, then \(gf ,p) = — + We deduce that, for all (a±, 03) € C 2 , 

Co(ai, ajj, 03, |) = — C 2 (oi, a|, 03, |), 
Co(ai,a|,a3,|)Ci(ai,a|,a 3 ,|) = -2sin(f (a§ - |a 2 )) . 
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If p = 3, then \{a',p) = y| ,, 



3 + — ^. Thus, for all (02,03) 6 C 2 , 
o 



Co(-x + a 2 a3, «2, «3, 2) = C 2 (-^ + «203, «2, 03, 2) 



Cb(-T + a2 °3> «2,a3,2)Ci(-^ + a 2 a 3 ,a 2 ,a 3 ,2) 
-2icos ( §(a 2 - + a 2 a 3 ) : 



A Using special functions 

A.l Example 1 : a normal form of Heun's equation 

We consider the equation 

(<£i) x 2 $" = (x + a)*. 

This is the simplest case, when m = 1. In this case, the Stokes-Sibuya connection matrix So 
is given by proposition 17.11 This proposition provides also the Ooo connection matrix Mq, 
up to an odd entire function of p = (1 + 4a) 2, which we are going to compute here thanks 
to the fact that the above normal form (<E\) of Heun's equation reduces to a modified Bessel 
equation. Indeed, setting 

t = 2x 1 / 2 

(106) 

$r(t) = X- l / 2 <S>{x) 
equation ((£1) is converted into the equation : 

t 2 ^"(t) + t^'(t)-(t 2 +p 2 )^{t) = 0, p=(l + 4a)5, (107) 

which is a modified Bessel equation of parameter p. Thus, we can use the well-known special 
functions associated with the modified Bessel equation. 

We assume that p = (1 + 4a) 2 ^ Z. 

With the notations of theorem I4.2| one easily gets the fundamental system of solutions 
(/l) fz) of ((£1) in the form: 

M., P ) = rfr + iysyVi), «*) = ( 5 J E B ,r (n + p+ i) UJ 

< 

A(.,rt = r ( - P + i)^(2^), = (-) E n!r (n - „ + 1) (2) ' 

(108) 

where I p (respectively I- p ) is the modified Bessel function (or Bessel function of imaginary 
argument) of order p (respectively of order — p), see [3T7] , 

Remark A.l. We recall that the functions I p and I- p are very closely connected to the Bessel 
functions of the first kind J p and J_ p by (see (30]) : 

Ipit) = e~^J p (it) 

< 

i_p(t) = e^J„ p (it) 



46 



Now, thanks to theorem 12.11 there exists an unique solution $o of (<£i), asymptotic at 
infinity to T$o(x,a) = e~ 2 ^xi(fio(x, a) with 4>q £ C[a][[x~2]] in the sector — 3ir < arg(x) < 
3tt. Precisely 

r* (x,g) - M (i + g - 1) - (V : (*» - 1)')) 

y ' V 6i n!16"xf y (109) 

in Eo = {| arg(x) |< 37r}. 

Also, by lemma [231 and theorem 12,71 we have a fundamental system of solutions ($o>^i) of 
(<Ei), where <3?i is characterized by the following asymptotic expansion at infinity : 



„, _ f, + g ( _ 1) .(V-i)...(^-(2 n -D'A 



(110) 



in Si = {| arg(x) + 2tt |< 37r} 
where w = e 2i7r . As we shall see, these functions <3?o and $i can be expressed with the 



MacDonald functions and Kp 2 \ 



The MacDonald functions K^\t) and Kp 2 \t) are analytic functions in the variable t for 
f not equal to zero; they are linearly independent (W (Kp 1 ^, Kp 2 ^ ) = j) and solutions of the 
modified Bessel equation (|1()7|) . These functions are derived from the Hankel functions by 
the following relationships : 



fill) 



Furthermore, they admit respectively an asymptotic expansion TK^ l) and TK [ p 2) when t 
tends to infinity of the form (see [30] ) : 

^-s^^g ^-"-^-^- 1 " ) (112) 

in S = {| arg(i) |< f } 

and 

W ^ ^ „!8»t» J (n3) 

in Si = {| arg(t) + tt |< 

Using (jlOflj) and (|1()7|) . we deduce by uniqueness of $o (resp. $1), comparing (j!12j) (resp. 
dill)) with (TUJ}) (resp. (tTTUjO . that 

cD (x, a) = 4= v^4 1} ( 2 ^) ( 114 ) 



and 

2 1 

$i(x,a) = -^co l i^K^(2^). (115) 
v vr 
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Recalling the connection formulas (see [SO]). 

[ J P it) = l -(H ( p 1 \t)+Hf\t)) 

J- P (t) = \{e^H^{t)+e-^H^{t)), 



we deduce with remark [A, II and 



I p it) 



-iirp 



I-p(t) 



inp 



K^{t)+ l -K^\t). 



in * ir 
Putting (UHHI), dH), dUSj) and (JiTg|) together, we obtain 



/l 

/2 



/ ■; r (P+ 1 ) --fap _i r (P +1 ) \ 



(x,p) 



2^ 



2^ 



x{-p + i). ,r(- P + i) 



$ 



(116) 



(x,o) (117) 



where the matrix on the right-hand side of this equality is the inverse of the Ooo connection 
matrix M\ (cf. formula (|57|)). By proposition 15.21 we deduce: 



/ c -in P T(-p) _ e in P T (p) \ 



M (p) 



a/vt 

r(-p) 



T{p) 



Remark A. 2. This result is consistent with proposition 17.11 and remark T7.2I 



A. 2 Example 2 : a normal form of Whittaker's equation 

We now focus on the equation 

((£2) x 2 $" = (x 2 + a-yx + a 2 )$. 

This equation reduces to the Whittaker equation. Indeed, the transformation 

r x = § 

converts equation ((£2) into : 

= (1 + 1 + f W*) 

which is the Whittaker equation of parameters 

a i , V A \i 

k = -— and n=- = (- + a 2 ) 2 - 

In what follows, we shall make a heavy use of the known properties of the special functions 
associated with the Whittaker equation, see for instance |30| . 
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A. 2.1 Study near the origin 

We assume here that p = (1 + 4a2) 3 ^ Z, i.e 2n ^ Z. The fundamental system of solutions 
(/i, /2) of theorem 14.21 can be written as follows: 



fi(x,ai,p) = 2 n 2M ktn (2x) where 
M Kn (t) =e-h n+ 5M(n-k + -,2n + l,t), M(a,c,t) = ^ 



, ^ sl 



f 2 (x,a 1 ,p) = 2 n 2N k , n {2x) where 

C M(1 + q - c,2-c,t 

(118) 



= e~lt n+ 5iV(n - jfe + -, 2n + 1, t), N(a, c, t) = t l ~ c M(l + a - c, 2 - c, t) 



with the Pochhammer's notation: 

(a) = 1 

(a) s = a(a + 1) . . . (a + s — 1). 

Remark A. 3. The function M/% jn is called a Whittaker function and M(a,c,t) is called the 
Kummer function (which is an entire function in t). 

A. 2. 2 Study at infinity 

In theorem I2.H the solution $0 of (£2) ^0 can be characterized by its asymptotics. Since 

r(a) = — ^ = k and u> = e l7T , 



we have T<&o(x,a) = x k e~ x (j)o(x,a) with (/>o(x,a) £ C[ai, 02] [[x -1 ]] with constant term 1, in 
the sector < ar#(a;) < ^. 

In the same way, $1 is characterized by its asymptotics, T&i(x,a) = u x e"<f>i(x, a) where 
01 (x, a) 6 C[ai, 02] [[x -1 ]] with constant term 1, in the sector — ^ < arg(x) + ir < 
In fact, these two functions $0 an d $1 can be expressed in terms of the functions U and V 
of the confluent hypergeometric equation: 

Proposition A. 4. 

*o(afia) = 2~ fe W fcin (2x) wftere W*,„(t) = e~ti n+ i[/(n - jfe + -, 2n + 1, t) 

_ „ (— l) s (l + Oi — c) s 3tt 
ana U(a,c,t) ~t j - ^ m the sector \ arg(t) \< — 

<S>i(x,a) = i2 k e n ™V Kn {2x) where V Kn {t) = e~h n+ ^V(n - k + -, 2n + 1, t) 
and V(a,c,t) ~ e^e^t)"" ^ — ~ — in toe sector | org(t) + vr |< ^ 

s=0 

Remark A. 5. The function Wfc in is also called a Whittaker function, see [3*0] . 
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A. 2. 3 Connection formulas 

We recall the following connection formula (sec 30 ): 

-U(a, c, t) + V(a, c, t) 

L (c — a) 1 [a) 

Therefore, 
which means that 

h{x,a 1 , P ) = -iJ« k - n) ^rr^ ^ x ^ + ^ h ^r^T^ ^ x ^- (119) 

V2r(n + /c + i) V2r(n — k + ^) 

Furthermore, thanks to the connection formula (see |30| ) 

r (!-c) ,„ \ r(c)r(i - c) Ar , 

1 (1 + a — c) 1 [a)L (2 — cj 

we deduce that : 

, / r(a)r(2 - c)e~ a7ri T(a)T(2-c)\ TT , . e( c ~ Q ^T(2-c) T , / 
vr(l + a — c)T(c — a) T[c)T(l — c) / r(l + a — c) 

so that : 

, x /r(n-£: + i)r(l-2n)e-( n - fc+ ^™ r(n - k + h)T(l - 2n) \ , x 
V r(— n — k + i)r(n + ft + 5) T(2n + ljr(-2n) / 



+ ( r ( -„- t + |) )^ (2 *> 



i.e 



f 2 (x,a 1 ,p) = 

■'+ n T(-\ - ?.n\r(n - k -+- l\s 



_ i2 k+n e (k-n)m T ^ _ 2n )T(n - k + \) 2 fc+n r(l - 2n)T(n -k + \ 



V2T(n + k+ \)T{-n — k + \) s/2T(2n + l)r(-2n) 

2 n - k e k7Ti r(l - 2n) 



+ — 7= -r- )$i(x,a). 

which reads also: 

• in(n+k) 2 k+n T(l - 2n) ^ . . i7Tk 2 n " fc r(l - 2n) ^ . , 

f 2 (x,ai,p) = -ie l7T[n+k) ^ J -r-<S>o(x,a) + e mk —= ^§ii,o. 

V ' s/2T(-n + k+±) K V2Y{-n-k + \) U '~' 

(120) 
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Formulas ()119|) and (|120() yield the inverse of the Ooo connection matrix M\. Going back 
to the variables p and at, one gets: 



MfV^p) 



-te 



l7v \ 2 2- 1 - 



V 



-te 



«r(-^+5). 



2 _ ^" _ 2r(p + 1) 
^r(f - f + 1) 

p) 



i7r ^ 2^-fr( P + i) \ 

- <ff ^ 2^+fr(i- P ) 
V2r(-f + f + 1) / 



Using proposition 15.21 we deduce that 

/ . 2^+f+ 1 r(- P ) . i7r? 2 -^-f+ 1 r( P ) \ 



ri2i 



M (ai,p) 



-?.e 



V 



V^T(-S - f + I) 

2^+f+ 1 r(- P ) 



2 "i" 2- 



v^T(5 - f + |) 

2^~§ +1 r( y ) 
V2r(l + f + i) / 



(122) 



Remark A. 6. This result is consistent with theorem !5.3l Also, with the notations of theorem 
15.. 3( we have found 



A)(oi,p) 



In particular, when ai = we get, using the Legendre duplication formula for the Gamma 
function: 

a result which agrees also with proposition 17.11 and remark 17.21 

By formula of theorem 16.21 we have &o(a) = Mo(ai,p)M{" (ai,p) and the result 
extends to 2n G Z by analytic continuation, since ©o is entire. We eventually get: 

Proposition A. 7. We assume m = 2. Then, for all a = (01,02) £ C 2 ; i/te Stokes- Sibuy a 
connection matrix &q is given by 



60(a) 



( 



\ 



-2ie~ 



a-i 



+ 



Ol 1 

2 "•" 2' 



I 7T 



\ 



/ 



where 



p= (1 + 4a 2 )2. 

Moreover, when p ^ Z, i/ie Ooo connection matrix Mq is given by formula 
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